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The Trifocal Tensor

The trifocal tensor plays an analogous role in three views to that played by the
fundamental matrix in two. It encapsulates all the (projective) geometric relations
between three views that are independent of scene structure.

We begin this chapter with a simple introduction to the main geometric and
algebraic properties of the trifocal tensor. A formal development of the trifocal
tensor and its properties involves the use of tensor notation. To start, however,
it is convenient to use standard vector and matrix notation, thus obtaining some
geometric insight into the trifocal tensor without the additional burden of dealing
with a (possibly) unfamiliar notation. The use of tensor notation will therefore be
deferred until section 14.2.

The three principal geometric properties of the tensor are introduced in
section 14.1. These are the homography between two of the views induced by a
plane back-projected from a line in the other view; the relations between image
correspondences for points and lines which arise from incidence relations in 3-space;
and the retrieval of the fundamental and camera matrices from the tensor.

The tensor may be used to transfer points from a correspondence in two views to
the corresponding point in a third view. The tensor also applies to lines, and the
image of a line in one view may be computed from its corresponding images in two
other views. Transfer is described in section 14.3.

The tensor only depends on the motion between views and the internal parameters
of the cameras and is defined uniquely by the camera matrices of the views. However,
it can be computed from image correspondences alone without requiring knowledge
of the motion or calibration. This computation is described in chapter 15.

14.1 The geometric basis for the trifocal tensor

There are several ways that the trifocal tensor may be approached, but in this section
the starting point is taken to be the incidence relationship of three corresponding
lines.
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Fig. 14.1. A line L in 3-space is imaged as the corresponding triplet l ↔ l′ ↔ l′′ in three
views indicated by their centres, C,C′,C′′, and image planes. Conversely, corresponding
lines back-projected from the first, second and third images all intersect in a single 3D line
in space.

Incidence relations for lines. Suppose a line in 3-space is imaged in three views,
as in figure 14.1, what constraints are there on the corresponding image lines? The
planes back-projected from the lines in each view must all meet in a single line in
space, the 3D line that projects to the matched lines in the three images. Since in
general three arbitrary planes in space do not meet in a single line, this geometric
incidence condition provides a genuine constraint on sets of corresponding lines.
We will now translate this geometric constraint into an algebraic constraint on the
three lines.

We denote a set of corresponding lines as li ↔ l′i ↔ l′′i . Let the camera matrices
for the three views be P = [I | 0], as usual, and P′ = [A | a4], P′′ = [B | b4], where
A and B are 3 × 3 matrices, and the vectors ai and bi are the i-th columns of the
respective camera matrices for i = 1, . . . , 4.

• a4 and b4 are the epipoles in views two and three respectively, arising from the
first camera. These epipoles will be denoted by e′ and e′′ throughout this chapter,
with e′ = P′C, e′′ = P′′C, where C is the first camera centre. (For the most part
we will not be concerned with the epipoles between the second and third views).

• A and B are the infinite homographies from the first to the second and third
cameras respectively.

As has been seen in chapter 8, any set of three cameras is equivalent to a set with
P = [I | 0] under projective transformations of space. In this chapter we will be
concerned with properties (such as image coordinates and 3D incidence relations)
that are invariant under 3D projective transforms, so we are free to choose the
cameras in this form.

Now, each image line back-projects to a plane, as shown in figure 14.1. From result
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7.1(p186) these three planes are

π = P>l =

(
l
0

)
π′ = P′>l′ =

(
A>l′

a4
>l′

)
π′′ = P′′>l′′ =

(
B>l′′

b4
>l′′

)
.

Since the three image lines are derived from a single line in space, it follows that these
three planes are not independent but must meet in this common line in 3-space. This
intersection constraint can be expressed algebraically by the requirement that the
4× 3 matrix M = [π, π′, π′′] has rank 2. This may be seen as follows. Points on the
line of intersection may be represented as X = αX1 +βX2, with X1 and X2 linearly
independent. Such points lie on all three planes and so π>X = π′>X = π′′>X = 0.
It follows that M>X = 0. Consequently M has a 2-dimensional null-space since
M>X1 = 0 and M>X2 = 0.

This intersection constraint induces a relation amongst the image lines l, l′, l′′.
Since the rank of M is 2, there is a linear dependence between its columns mi.
Denoting

M = [m1,m2,m3] =

[
l A>l′ B>l′′

0 a4
>l′ b4

>l′′

]

the linear relation may be written m1 = αm2 +βm3. Then noting that the bottom
left hand element of M is zero, it follows that α = k(b4

>l′′) and β = −k(a4
>l′) for

some scalar k. Applying this to the top 3-vectors of each column shows that (up to
a homogeneous scale factor)

l = (b4
>l′′)A>l′ − (a4

>l′)B>l′′ = (l′′>b4)A>l′ − (l′>a4)B>l′′.

The i-th coordinate li of l may therefore be written as

li = l′′>(b4ai
>)l′ − l′>(a4bi

>)l′′ = l′>(aib4
>)l′′ − l′>(a4bi

>)l′′

and introducing the notation

Ti = aib4
> − a4bi

> (14.1)

the incidence relation can be written

li = l′>Til′′. (14.2)

Definition 14.1. The set of three matrices {T1, T2, T3} constitute the trifocal tensor
in matrix notation.

We introduce a further notation1. Denoting the ensemble of the three matrices
Ti by [T1, T2, T3], or more briefly [Ti], this last relation may be written as

l> = l′>[T1, T2, T3]l′′ (14.3)

where l′>[T1, T2, T3]l′′ is understood to represent the vector (l′>T1l′′, l′>T2l′′, l′>T3l′′).
1 This notation is somewhat cumbersome, and its meaning is not quite self-evident. It is for this reason

that tensor notation is introduced in section 14.2.
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Of course there is no intrinsic difference between the three views, and so by
analogy with (14.3) there will exist similar relations l′> = l>[T′i]l′′ and l′′> = l>[T′′i ]l′.
The three tensors [Ti], [T′i] and [T′′i ] exist, but are distinct. In fact, although all three
tensors may be computed from any one of them, there is no very simple relationship
between them. Thus, in fact there are three trifocal tensors existing for a given
triple of views. Usually one will be content to consider only one of them. However,
a method of computing the other trifocal tensors [T′i] and [T′′i ] given [Ti] is outlined
in exercise (vii) on page 377.

Note that (14.3) is a relationship between image coordinates only, not involving
3D coordinates. Hence (as remarked previously), although it was derived under the
assumption of a canonical camera set (that is P = [I | 0]), the value of the matrix
elements [Ti] is independent of the form of the cameras. The particular simple
formula (14.1) for the trifocal tensor given the camera matrices holds only in the
case where P = [I | 0], but a general formula (16.12–p404) for the trifocal tensor
corresponding to any three cameras will be derived later.

Degrees of freedom. The trifocal tensor consists of three 3×3 matrices, and thus
has 27 elements. There are therefore 26 independent ratios apart from the (common)
overall scaling of the matrices. However, the tensor has only 18 independent degrees
of freedom. In other words once 18 parameters are specified, all 27 elements of the
tensor are determined up to a common scale. The number of degrees of freedom
may be computed as follows. Each of 3 camera matrices has 11 degrees of freedom,
which makes 33 in total. However, 15 degrees of freedom must be subtracted to
account for the projective world frame, thus leaving 18 degrees of freedom. The
tensor therefore satisfies 26− 18 = 8 independent algebraic constraints. We return
to this point in chapter 15.

14.1.1 Homographies induced by a plane

A fundamental geometric property encoded in the trifocal tensor is the homography
between the first view and the third induced by a line in the second image. This
is illustrated in figure 14.2 and figure 14.3. A line in the second view defines (by
back-projection) a plane in 3-space, and this plane induces a homography between
the first and third views.

We now derive the algebraic representation of this geometry in terms of the
trifocal tensor. The homography map between the first and third images, defined
by the plane π′ in figure 14.2 and figure 14.3, may be written as x′′ = Hx and (1.6–
p15) l = H>l′′ respectively. Notice that the three lines l, l′ and l′′ in figure 14.3 are
a corresponding line triple, the projections of the 3D line L. Therefore, they satisfy
the line incidence relationship li = l′>Til′′ of (14.2). Comparison of this formula
and l = H>l′′ shows that

H = [h1,h2,h3] with hi = Ti
>l′.
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Fig. 14.2. Point transfer. A line l′ in the second view back-projects to a plane π′ in 3-
space. A point x in the first image defines a ray in 3-space which intersects π′ in the point
X. This point X is then imaged as the point x′′ in the third view. Thus, any line l′ induces
a homography between the first and third views, defined by its back-projected plane π′.
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Fig. 14.3. Line transfer. The action on lines of the homography defined by figure 14.2
may similarly be visualized geometrically. A line, l, in the first image defines a plane in
3-space, which intersects π′ in the line L. This line L is then imaged as the line l′′ in the
third view.

Thus, H defined by the above formula represents the (point) homography H13 be-
tween views one and three specified by the line l′ in view two.

The second and third views play similar roles, and the homography between the
first and second views defined by a line in the third can be derived in a similar
manner. These ideas are formalized in the following result.

Result 14.2. The homography from the first to the third image induced by a line l′

in the second image (see figure 14.2) is given by x′′ = H13(l′)x, where

H13(l′) = [T1
>, T2

>, T3
>]l′.

Similarly, a line l′′ in the third image defines a homography x′ = H12(l′′)x from the
first to the second views, given by

H12(l′′) = [T1, T2, T3]l′′.
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Once this mapping is understood the algebraic properties of the tensor are s-
traightforward and can easily be generated. In the following section we deduce
a number of incidence relations between points and lines based on (14.3) and
result 14.2.

14.1.2 Point and line incidence relations

It is easy to deduce various linear relationships between lines and points in three
images involving the trifocal tensor. We have seen one such relationship already,
namely (14.3). This relation holds only up to scale since it involves homogeneous
quantities. We may eliminate the scale factor by taking the vector cross product of
both sides, which must be zero. This leads to the formula

(l′>[T1, T2, T3]l′′)[l]× = 0>, (14.4)

where we have used the matrix [l]× to denote the cross product (see (A3.4–p554)), or
more briefly (l′>[Ti]l′′)[l]× = 0>. Note the symmetry between l′ and l′′ – swapping
the roles of these two lines is accounted for by transposing each Ti, resulting in a
relation (l′′>[Ti

>]l′)[l]× = 0>.
Consider again figure 14.3. Now, a point x on the line l must satisfy

x>l =
∑

i x
ili = 0 (using upper indices for the point coordinates, foreshadowing the

use of tensor notation). Since li = l′>Til′′>, this may be written as

l′>(
∑

i

xiTi)l′′> = 0 (14.5)

(note that (
∑

i x
iTi) is simply a 3× 3 matrix). This is an incidence relation in the

first image: the relationship will hold for a point–line–line correspondence – that is
whenever some 3D line L maps to l′ and l′′ in the second and third images, and to
a line passing through x in the first image. An important equivalent definition of
a point–line–line correspondence for which (14.5) holds results from an incidence
relation in 3-space – there exists a 3D point X mapping to x in the first image,
and to points on the lines l′ and l′′ in the second and third images as shown in
figure 14.4(a).

From result 14.2 we may obtain relations involving points x′ and x′′ in the second
and third images. Consider a point–line–point correspondence as in figure 14.4(b)
so that

x′′ = H13(l′)x = [T1
>l′, T2

>l′, T3
>l′]x = (

∑
i

xiTi
>)l′

which is valid for any line l′ passing through x′ in the second image. The homoge-
neous scale factor may be eliminated by (post-)multiplying the transpose of both
sides by [x′′]× to give

x′′>[x′′]× = l′>(
∑

i

xiTi)[x′′]× = 0>, (14.6)
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Fig. 14.4. Incidence relations. (a) Consider a 3-view point correspondence x ↔ x′ ↔ x′′.
If l′ and l′′ are any two lines through x′ and x′′ respectively, then x ↔ l′ ↔ l′′ forms a
point–line–line correspondence, corresponding to a 3D line L. Consequently, (14.5) holds
for any choice of lines l′ through x′ and l′′ through x′′. (b) The space point X is incident
with the space line L. This defines an incidence relation x ↔ l′ ↔ x′′ between their images.
(c) The correspondence x ↔ x′ ↔ x′′ arising from the image of a space point X.
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(i) Line–line–line correspondence

l′>[T1, T2, T3]l′′ = l> or
(
l′>[T1, T2, T3]l′′

)
[l]× = 0>

(ii) Point–line–line correspondence

l′>(
∑

i

xiTi)l′′ = 0 for a correspondence x ↔ l′ ↔ l′′

(iii) Point–line–point correspondence

l′>(
∑

i

xiTi)[x′′]× = 0> for a correspondence x ↔ l′ ↔ x′′

(iv) Point–point–line correspondence

[x′]×(
∑

i

xiTi)l′′ = 0 for a correspondence x ↔ x′ ↔ l′′

(v) Point–point–point correspondence

[x′]×(
∑

i

xiTi)[x′′]× = 03×3

Table 14.1. Summary of trifocal tensor incidence relations using matrix notation.

A similar analysis may be undertaken with the roles of the second and third images
swapped.

Finally, for a 3-point correspondence as shown in figure 14.4(c), there is a relation

[x′]×(
∑

i

xiTi)[x′′]× = 03×3. (14.7)

Proof The line l′ in (14.6) passes through x′ and so may be written as
l′ = x′ × y′ = [x′]×y′ for some point y′ on l′. Consequently, from (14.6)
l′>(

∑
i x

iTi)[x′′]× = y′>[x′]×(
∑

i xiTi)[x′′]× = 0>. However, the relation (14.6)
is true for all lines l′ through x′ and so is independent of y′. The relation (14.7)
then follows.

The various relationships between lines and points in three views are summarized
in table 14.1, and their properties are investigated further in section 14.2.1, once
tensor notation has been introduced. Note that there are no relations listed for
point–line–line correspondence in which the point is in the second or third view.
Such simple relations do not exist in terms of the trifocal tensor in which the first
view is the special view. It is also worth noting that satisfying an image incidence
relation does not guarantee incidence in 3-space, as illustrated in figure 14.5.

We now begin to extract the two-view geometry, the epipoles and fundamental
matrix, from the trifocal tensor.
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Fig. 14.5. Non-incident configuration. The imaged points and lines of this configuration
satisfy the point–line–point incidence relation of table 14.1. However, the space point X and
line L are not incident. Compare with figure 14.4.

14.1.3 Epipolar lines

A special case of a point–line–line correspondence occurs when the plane π′ back-
projected from l′ is an epipolar plane with respect to the first two cameras, and
hence passes through the camera centre C of the first camera. Suppose X is a
point on the plane π′; then the ray defined by X and C lies in this plane, and l′ is
the epipolar line corresponding to the point x, the image of X. This is shown in
figure 14.6.

The plane π′′ back-projected from a line l′′ in the third image will intersect the
plane π′ in a line L. Further, since the ray corresponding to x lies entirely in the
plane π′ it must intersect the line L. This gives a 3-way intersection between the ray
and planes back-projected from point x and lines l′ and l′′, and so they constitute
a point–line–line correspondence, satisfying l′>(

∑
i x

iTi)l′′> = 0. The important
point now is that this is true for any line l′′, and it follows that l′>(

∑
i x

iTi) = 0>.
The same argument holds with the roles of l′ and l′′ reversed. To summarize:

Result 14.3. If x is a point and l′ and l′′ are the corresponding epipolar lines in
the second and third images, then

l′>(
∑

i

xiTi) = 0> and (
∑

i

xiTi)l′′ = 0.

Consequently, the epipolar lines l′ and l′′ corresponding to x may be computed as
the left and right null-vectors of the matrix

∑
i x

iTi.

As the point x varies, the corresponding epipolar lines vary, but all epipolar
lines in one image pass through the epipole. Thus, one may compute this epipole
by computing the intersection of the epipolar lines for varying values of x. Three
convenient choices of x are the points represented by homogeneous coordinates
(1, 0, 0)>, (0, 1, 0)> and (0, 0, 1)>, with

∑
i x

iTi equal to T1, T2 and T3 respectively
for these three choices of x. From this we deduce the following important result:



364 14 The Trifocal Tensor

C

l/

e /

x

π

l
X

C /

C / /

/

/

/

Fig. 14.6. If the plane π′ defined by l′ is an epipolar plane for the first two views, then any
line l′′ in the third view gives a point–line–line incidence.

Result 14.4. The epipole e′ in the second image is the common intersection of the
epipolar lines represented by the left null-vectors of the matrices Ti, i = 1, . . . , 3.
Similarly the epipole e′′ is the common intersection of lines represented by the right
null-vectors of the Ti.

Note that the epipoles involved here are the epipoles in the second and third images
corresponding to the first image centre C.

The usefulness of this result may not be apparent at present. However, it will be
seen below that it is an important step in computing the camera matrices from the
trifocal tensor, and in chapter 15 in the accurate computation of the trifocal tensor.

Algebraic properties of the Ti matrices. This section has established a num-
ber of algebraic properties of the Ti matrices. We summarize these here:

• Each matrix Ti has rank 2. This is evident from (14.1) since Ti = aie′′> − e′bi
>

is the sum of two outer products.
• The right null-vector of Ti is l′′i = e′′×bi

>, and is the epipolar line in the third view
for the point x = (1, 0, 0)>, (0, 1, 0)> or (0, 0, 1)>, as i = 1, 2 or 3 respectively.

• The epipole e′′ is the common intersection of the epipolar lines l′′i for i = 1, 2, 3.
• The left null-vector of Ti is l′i = e′×ai

>, and is the epipolar line in the second view
for the point x = (1, 0, 0)>, (0, 1, 0)> or (0, 0, 1)>, as i = 1, 2 or 3 respectively.

• The epipole e′ is the common intersection of the epipolar lines l′i for i = 1, 2, 3.
• The sum of the matrices M(x) = (

∑
i xiTi) also has rank 2. The right null-vector

of M(x) is the epipolar line l′′ of x in the third view, and its left null-vector is the
epipolar line l′ of x in the second view.

Its worth emphasizing again that although a particular canonical form of the
camera matrices P, P′ and P′′ is used in the derivation, the epipolar properties of the
Ti matrices are independent of this choice.
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14.1.4 Extracting the fundamental matrices

It is simple to compute the fundamental matrices F21 and F31 between the first1 and
the other views from the trifocal tensor. It was seen in section 8.2.1(p222) that the
epipolar line corresponding to some point can be derived by transferring the point
to the other view via a homography and joining the transferred point to the epipole.
Consider a point x in the first view. According to figure 14.2 and result 14.2, a line
l′′ in the third view induces a homography from the first to the second view given by
x′ = ([T1, T2, T3]l′′)x. The epipolar line corresponding to x is then found by joining
x′ to the epipole e′. This gives l′ = [e′]× ([T1, T2, T3]l′′)x, from which it follows that

F21 = [e′]×[T1, T2, T3]l′′.

This formula holds for any vector l′′, but it is important to choose l′′ to avoid the
degenerate condition where l′′ lies in the null-space of any of the Ti. A good choice
is e′′ since as has been seen e′′ is perpendicular to the right null-space of each Ti.
This gives the formula

F21 = [e′]×[T1, T2, T3]e′′. (14.8)

A similar formula holds for F31 = [e′′]×[T1
>, T2

>, T3
>]e′.

14.1.5 Retrieving the camera matrices

It was remarked that the trifocal tensor, since it expresses a relationship between
image entities only, is independent of 3D projective transformations. Conversely,
this implies that the camera matrices may be computed from the trifocal tensor
only up to a projective ambiguity. It will now be shown how this may be done.

Just as in the case of reconstruction from two views, because of the projective
ambiguity, the first camera may be chosen as P = [I | 0]. Now, since F21 is known
(from (14.8)), we can make use of result 8.9(p235) to derive the form of the second
camera as

P′ = [[T1, T2, T3]e′′ | e′]

and the camera pair {P, P′} then has the fundamental matrix F21. It might be
thought that the third camera could be chosen in a similar manner as P′′ =
[[T1

>, T2
>, T3

>]e′ | e′′], but this is incorrect. This is because the two camera pairs
{P, P′} and {P, P′′} do not necessarily define the same projective world frame; al-
though each pair is correct by itself, the triple {P, P′, P′′} is inconsistent.

The third camera cannot be chosen independently of the projective frame of the
first two. To see this, suppose the camera pair {P, P′} is chosen and points Xi recon-
structed from their image correspondences xi ↔ x′i. Then the coordinates of Xi are
specified in the projective world frame defined by by {P, P′}, and a consistent camera
1 The fundamental matrix F21 satisfies x′>F21x = 0 for corresponding points x ↔ x′. The subscript

notation refers to figure 14.8.
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Given the trifocal tensor written in matrix notation as [T1, T2, T3].

(i) Retrieve the epipoles e′, e′′
Let ui and vi be the left and right null-vectors respectively of Ti, i.e. ui

>Ti = 0>,
Tivi = 0. Then the epipoles are obtained as the null-vectors to the following
3× 3 matrices:

e′>[u1,u2,u3] = 0 and e′′>[v1,v2,v3] = 0.

(ii) Retrieve the fundamental matrices F21, F31

F21 = [e′]×[T1, T2, T3]e′′ and F31 = [e′′]×[T1
>, T2

>, T3
>]e′.

(iii) Retrieve the camera matrices P′, P′′ (with P = [I | 0])
Normalize the epipoles to unit norm. Then

P′ = [[T1, T2, T3]e′′ | e′] and P′′ = [(e′′e′′> − I)[T1
>, T2

>, T3
>]e′ | e′′].

Algorithm 14.1. Summary of F and P retrieval from the trifocal tensor. Note, F21

and F31 are determined uniquely. However, P′ and P′′ are determined only up to a common
projective transformation of 3-space.

P′′ may be computed from the correspondences Xi ↔ x′′i . Clearly, P′′ depends on
the frame defined by {P, P′}. However, it is not necessary to explicitly reconstruct
3D structure, a consistent camera triplet can be recovered from the trifocal tensor
directly.

The pair of camera matrices P = [I | 0] and P′ = [[T1, T2, T3]e′′ | e′] are not the only
ones compatible with the given fundamental matrix F21. According to (8.10–p238),
the most general form for P′ is

P′ = [[T1, T2, T3]e′′ + e′v>|λe′]

for some vector v and scalar λ. A similar choice holds for P′′. To find a triple of
camera matrices compatible with the trifocal tensor, we need to find the correct
values of P′ and P′′ from these families so as to be compatible with the form (14.1)
of the trifocal tensor.

Because of the projective ambiguity, we are free to choose P′ = [[T1, T2, T3]e′′|e′],
thus ai = Tie′′. This choice fixes the projective world frame so that P′′ is now defined
uniquely (up to scale). Then substituting into (14.1) (observing that a4 = e′ and
b4 = e′′)

Ti = Tie′′e′′> − e′bi
>

from which it follows that e′bi
> = Ti(e′′e′′> − I). Since the scale may be chosen

such that ||e′|| = e′>e′ = 1, we may multiply on the left by e′> and transpose to
get

bi = (e′′e′′> − I)Ti
>e′

so P′′ = [(e′′e′′> − I)[T1
>, T2

>, T3
>]e′|e′′]. A summary of the steps involved in

extracting the camera matrices from the trifocal tensor is given in algorithm 14.1.
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We have seen that the trifocal tensor may be computed from the three camera
matrices, and that conversely the three camera matrices may be computed, up to
projective equivalence, from the trifocal tensor. Thus, the trifocal tensor completely
captures the three cameras up to projective equivalence.

14.2 The trifocal tensor and tensor notation

The style of notation that has been used up to now for the trifocal tensor is derived
from the standard matrix–vector notation. Since a matrix has two indices only,
it is possible to distinguish between the two indices using the devices of matrix
transposition and right or left multiplication, and in dealing with matrices and
vectors, one can do without writing the indices explicitly. Because the trifocal
tensor has three indices, instead of the two indices that a matrix has, it becomes
increasingly cumbersome to persevere with this style of matrix notation, and we
now turn to using standard tensor notation when dealing with the trifocal tensor.
For those unfamiliar with tensor notation a gentle introduction is given in appendix
1(p545). This appendix should be read before proceeding with this chapter.

Image points and lines are represented by homogeneous column and row 3-vectors,
respectively, i.e. x = (x1, x2, x3)> and l = (l1, l2, l3). The ij-th entry of a matrix
A is denoted by ai

j , index i being the contravariant (row) index and j being the
covariant (column) index. We observe the convention that indices repeated in the
contravariant and covariant positions imply summation over the range (1, . . . , 3) of
the index. For example, the equation x′ = Ax is equivalent to x′i =

∑
j ai

jx
j , which

may be written x′i = ai
jx

j .
We begin with the definition of the trifocal tensor given in (14.1–p357). Using

tensor notation, this becomes

T jk
i = aj

i b
k
4 − aj

4b
k
i . (14.9)

The positions of the indices in T jk
i (two contravariant and one covariant) are dic-

tated by the positions of the indices on the right side of the equation. Thus, the
trifocal tensor is a mixed contravariant–covariant tensor. In tensor notation, the
basic incidence relation (14.3–p357) becomes

li = l′jl
′′
kT

jk
i . (14.10)

Note that when multiplying tensors the order of the entries does not matter, in
contrast with standard matrix notation. For instance the right side of the above
expression is

l′jl
′′
kT

jk
i =

∑
j,k

l′jl
′′
kT

jk
i =

∑
j,k

l′jT
jk

i l′′k = l′jT
jk

i l′′k .

The homography maps of figure 14.2 and figure 14.3 may be deduced from the
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incidence relation (14.10). In the case of the plane defined by back-projecting the
line l′,

li = l′jl
′′
kT

jk
i = l′′k(l′jT

jk
i ) = l′′k hk

i where hk
i = l′jT

jk
i

and hk
i are the elements of the homography matrix H. This homography maps points

between the first and third view as

x′′k = hk
i xi.

Note that the homography is obtained from the tensor by contraction with a line (i.e.
a summation over one contravariant (upper) index of the tensor, and the covariant
(lower) index of the line), i.e. l′ extracts a 3 × 3 matrix from the tensor – think of
the trifocal tensor as an operator which takes a line and produces a homography
matrix. Table 14.2 summarizes the definition and transfer properties of the trifocal
tensor.

A pair of particularly important tensors are εijk and its contravariant counterpart
εijk, defined in section A1.1(p546). This tensor is used to represent the vector
product. For instance, the line joining two points xi and yj is equal to the cross
product xiyjεijk = lk, and the skew-symmetric matrix [x]× is written as xiεirs

in tensor notation. It is now relatively straightforward to write down the basic
incidence results involving the trifocal tensor given in table 14.1. The results are
summarized in table 14.3. In this table, a notation such as 0r represents an array
of zeros.

The form of the relations in table 14.3 is more easily understood if one observes
that three indices i, j and k in T jk

i correspond to entities in the first, second and
third views respectively. Thus for instance a partial expression such as l′′j T

jk
i cannot

occur, because the index j belongs to the second view, and hence does not belong on
the line l′′ in the third view. Repeated indices (indicating summation) must occur
once as a contravariant (upper) index and once as a covariant (lower) index. Thus,
we cannot write x′jT jk

i , since the index j occurs twice in the upper position. Think
of the ε tensor as being used to raise or lower indices, for instance by replacing l′j
by xiεijk. However, this may not be done arbitrarily, as pointed out in exercise (ix)
on page 378.

14.2.1 The trilinearities

The incidence relations in table 14.3 are trilinear relations or trilinearities in the
coordinates of the image elements (points and lines). Tri- since every monomial in
the relation involves a coordinate from each of the three image elements involved;
and linear because the relations are linear in each of the algebraic entities (i.e. the
three “arguments” of the tensor). For example in the point–point–point relation,
xi(x′j εjpr)(x′′k εkqs)T pq

i = 0rs, suppose both x1 and x2 satisfy the relation, then
so does x = αx1 + βx2, i.e. the relation is linear in its first argument. Similarly,
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Definition. The trifocal tensor T is a valency 3 tensor T jk
i with two contravariant

and one covariant indices. It is represented by a homogeneous 3× 3× 3 array (i.e. 27
elements). It has 18 degrees of freedom.

Computation from camera matrices. If the canonical 3× 4 camera matrices
are

P = [I | 0], P′ = [ai
j ], P′′ = [bi

j ]

then
T jk

i = aj
i b

k
4 − aj

4b
k
i .

See (16.12–p404) for computation from three general camera matrices.

Line transfer from corresponding lines in the second and third views
to the first.

li = l′j l
′′
kT

jk
i

Transfer by a homography.

(i) Point transfer from first to third view via a plane in the second
The contraction l′jT

jk
i is a homography mapping between the first and third

views induced by a plane defined by the back-projection of the line l′ in the
second view.

x′′k = hk
i xi where hk

i = l′j T
jk

i

(ii) Point transfer from first to second view via a plane in the third
The contraction l′′kT

jk
i is a homography mapping between the first and second

views induced by a plane defined by the back-projection of the line l′′ in the
third view.

x′j = hj
ix

i where hj
k = l′′k T

jk
i

Table 14.2. Definition and transfer properties of the trifocal tensor.

the relation is linear in the second and third argument. This multi-linearity is a
standard property of tensors, and follows directly from the form xil′jl′′kT

jk
i = 0 which

is a contraction of the tensor over all three of its indices (arguments).
We will now describe the point–point–point trilinearities in more detail. There are

nine of these trilinearities arising from the three choices of r and s. Geometrically
these trilinearities arise from special choices of the lines in the second and third
image for the point–line–line relation (see figure 14.4(a)). Choosing r = 1, 2 or 3
corresponds to a line parallel to the image x-axis, parallel to the image y-axis, or
through the image coordinate origin (the point (0, 0, 1)>), respectively. For example,
choosing r = 1 and expanding x′jεjpr results in

l′p = x′jεjp1 = (0,−x′3, x′2)

which is a horizontal line in the second view through x′ (since points of the form
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(i) Line–line–line correspondence

(lrεris)l′j l
′′
kT

jk
i = 0s

(ii) Point–line–line correspondence

xil′j l
′′
kT

jk
i = 0

(iii) Point–line–point correspondence

xil′j(x
′′k εkqs)T jq

i = 0s

(iv) Point–point–line correspondence

xi(x′jεjpr)l′′k T
pk

i = 0r

(v) Point–point–point correspondence

xi(x′j εjpr)(x′′k εkqs)T pq
i = 0rs

Table 14.3. Summary of trifocal tensor incidence relations – the trilinearities.

y′ = (x′1 + λ, x′2, x′3)> satisfy y′>l′ = 0 for any λ). Similarly, choosing s = 2 in the
third view results in the vertical line through x′′

l′′q = x′′kεkq2 = (x′′3, 0,−x′′1)

and the trilinear point relation expands to

0 = xix′jx′′k εjp1εkq2T pq
i

= xi[−x′3(x′′3 T 21
i − x′′1 T 23

i ) + x′2(x′′3 T 31
i − x′′1 T 33

i )].

Of these nine trilinearities, four are linearly independent. This means that from
a basis of four trilinearities all nine can be generated by linear combinations. The
four degrees of freedom may be traced back to those of the point-line-line relation
xil′jl′′kT

jk
i = 0 and are counted as follows. There is a one-parameter family of lines

through x′′ in the third view. If m′′ and n′′ are two members of this family, then
any other line through x′′ can be obtained from a linear combination of these:

l′′ = αm′′ + βn′′.

The incidence relation is linear in l′′, so that given

l′jm
′′
kT

jk
i xi = 0

l′jn
′′
kT

jk
i xi = 0

then the incidence relation for any other line l′′ can be generated by a linear combi-
nation of these two. Consequently, there are only two linearly independent incidence
relations for l′′. Similarly there is a one-parameter family of lines through x′, and
the incidence relation is also linear in lines l′ through x′. Thus, there are a total of
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Fig. 14.7. Epipolar transfer. (a) The image of X in the first two views is the corre-
spondence x ↔ x′. The image of X in the third view may be computed by intersecting the
epipolar lines F31x and F32x′. (b) The configuration of the epipoles and transferred point
x′′ as seen in the third image. Point x′′ is computed as the intersection of epipolar lines
passing through the two epipoles e31 and e32. However, if x′′ lies on the line through the
two epipoles, then its position cannot be determined. Points close to the line through the
epipoles will be estimated with poor precision.

four linearly independent incidence relations between a point in the first view and
lines in the second and third.

The main virtue of the trilinearities is that they are linear, otherwise their prop-
erties are often subsumed by transfer, as described in the following section.

14.3 Transfer

Given three views of a scene and a pair of matched points in two views one may wish
to determine the position of the point in the third view. Given sufficient information
about the placement of the cameras, it is usually possible to determine the location
of the point in the third view without reference to image content. This is the point
transfer problem. A similar transfer problem arises for lines.

In principle the problem can generally be solved given the cameras for the three
views. Rays back-projected from corresponding points in the first and second view
intersect and thus determine the 3D point. The position of the corresponding point
in the third view is computed by projecting this 3D point onto the image. Similarly
lines back-projected from the first and second image intersect in the 3D line, and the
projection of this line in 3-space to the third image determines its image position.

14.3.1 Point transfer using fundamental matrices

The transfer problem may be solved using knowledge of the fundamental matrices
only. Thus, suppose we know the three fundamental matrices F21, F31 and F32

relating the three views, and let points x and x′ in the first two views be a matched
pair. We wish to find the corresponding point x′′ in the third image.
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Fig. 14.8. The trifocal plane is defined by the three camera centres. The notation for the
epipoles is eij = PiCj. Epipolar transfer fails for any point X on the trifocal plane. If the
three camera centres are collinear then there is a one-parameter family of planes containing
the three centres.

The required point x′′ matches point x in the first image, and consequently must
lie on the epipolar line corresponding to x. Since we know F31, this epipolar line
may be computed, and is equal to F31x. By a similar argument, x′′ must lie on the
epipolar line F32x′. Taking the intersection of the epipolar lines gives

x′′ = (F31x)× (F32x′) .

See figure 14.7a.
Note that the fundamental matrix F21 is not used in this expression. The question

naturally arises whether we can gain anything by knowledge of F21, and the answer
is yes. In the presence of noise, the points x ↔ x′ will not form an exact matched
pair, meaning that they will not satisfy the equation x′>F21x = 0 exactly. Given
F21 one may use optimal triangulation as in algorithm 11.1(p304) to correct x and
x′, resulting in a pair x̂ ↔ x̂′ that satisfies this relation. The transferred point may
then be computed as x′′ = (F31x̂) × (F32x̂′). This method of point transfer using
the fundamental matrices will be called epipolar transfer.

Though at one time used for point transfer, epipolar transfer has a serious
deficiency that rules it out as a practical method. This deficiency is due to the
degeneracy that can be seen from figure 14.7(b): epipolar transfer fails when the
two epipolar lines in the third image are coincident (and becomes increasingly ill-
conditioned as the lines become less “transverse”). The degeneracy condition that
x′′, e31 and e32 are collinear in the third image means that the camera centres C
and C′ and the 3D point X lie in a plane through the centre C′′ of the third camera;
thus X lies on the trifocal plane defined by the three camera centres, see figure 14.8.
Epipolar transfer will fail for points X lying on the trifocal plane and will be in-
accurate for points lying near that plane. Note, in the special case that the three
camera centres are collinear the trifocal plane is not uniquely defined, and epipolar
transfer fails for all points. In this case e31 = e32.
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14.3.2 Point transfer using the trifocal tensor

The degeneracy of epipolar transfer is avoided by use of the trifocal tensor. Consider
a correspondence x ↔ x′. If a line l′ passing through the point x′ is chosen in the
second view, then the corresponding point x′′ may be computed by transferring the
point x from the first to the third view using x′′k = xil′jT

jk
i , from table 14.2. It

is clear from figure 14.4(p361)(b) that this transfer is not degenerate for general
points X lying on the trifocal plane.

However, note from result 14.3(p363) and figure 14.6 that if l′ is the epipolar line
corresponding to x, then xil′jT

jk
i = 0k, so the point x′′ is undefined. Consequently,

the choice of line l′ is important. To avoid choosing only an epipolar line, one
possibility is to use two or three different lines passing through x′, namely l′jp =
x′rεrjp for the three choices of p = 1, . . . , 3. For each such line, one computes the
value of x′′ and retains the one that has the largest norm (i.e. is furthest from being
zero). An alternative method entirely for finding x′′ is as the least-squares solution
of the system of linear equations xi(x′j εjpr)(x′′k εkqs)T pq

i = 0rs, but this method is
probably an overkill.

The method we recommend is the following. Before attempting to compute the
point x′′ transferred from a pair of points x ↔ x′, first correct the pair of points
using the fundamental matrix F21, as described above in the case of epipolar transfer.
If x̂ and x̂′ are an exact match, then the transferred point x′′k = x̂il′jT

jk
i does not

depend on the line l′ chosen passing through x̂′ (as long as it is not the epipolar
line). This may be verified geometrically by referring to figure 14.2(p359). A good
choice is always given by the line perpendicular to F21x̂.

To summarize, a measured correspondence x ↔ x′ is transferred by the following
steps:

(i) Compute F21 from the trifocal tensor (by the method given in algorithm 14.1),
and correct x ↔ x′ to the exact correspondence x̂ ↔ x̂′ using algorithm 11.1-
(p304).

(ii) Compute the line l′ through x̂′ and perpendicular to l′e = F21x̂. If
l′e = (l1, l2, l3)> and x̂′ = (x̂1, x̂2, 1)>, then l′ = (l2,−l1,−x̂1l2 + x̂2l1)>.

(iii) The transferred point is x′′k = x̂il′jT
jk

i .

Degenerate configurations. Consider transfer to the third view via a plane, as
shown in figure 14.9. The 3D point X is only undefined if it lies on the baseline
joining the first and second camera centres. This is because rays through x and x′

are collinear for such 3D points and so their intersection is not defined. In such a
case, the points x and x′ correspond with the epipoles in the two images. However,
there is no problem transferring a point lying on the baseline between views two
and three, or anywhere else on the trifocal plane. This is the key difference between
epipolar transfer and transfer using the trifocal tensor. The former is undefined for
any point on the trifocal plane.
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Fig. 14.9. Degeneracy for point transfer using the trifocal tensor. The 3D point
X is defined by the intersection of the ray through x with the plane π′. A point X on the
baseline B12 between the first and second views cannot be defined in this manner. So a 3D
point on the line B12 cannot be transferred to the third view via a homography defined by a
line in the second view. Note that a point on the line B12 projects to e12 in the first image
and e21 in the second image. Apart from the line B12 any point can be transferred. In
particular there is not a degeneracy problem for points on the baseline B23, between views
two and three, or for any other point on the trifocal plane.

14.3.3 Line transfer using the trifocal tensor

Using the trifocal tensor, it is possible to transfer lines from a pair of images to a
third according to the line-transfer equation li = l′jl′′kT

jk
i of table 14.2. This gives

an explicit formula for the line in the first view, given lines in the other two views.
Note however that if the lines l and l′ are known in the first and second views then l′′

may be computed by solving the set of linear equations (lrεris)l′jl′′kT
jk

i = 0s, thereby
transferring it into the third image. Similarly one may transfer lines into the second
image. Line transfer is not possible using only the fundamental matrices.

Degeneracies. Consider the geometry of figure 11.7(p308). The line L in 3-
space is defined by the intersection of the planes through l and l′, namely π and π′

respectively. This line is clearly undefined when the planes π and π′ are coincident,
i.e. in the case of epipolar planes. Consequently, lines cannot be transferred between
the first and third image if both l and l′ are corresponding epipolar lines for the first
and second views. Algebraically, the line-transfer equation gives li = l′jl′′kT

jk
i = 0,

and the equation matrix (lrεris)l′jT
jk

i used to solve for l′′ becomes zero. It is quite
common for lines to be near epipolar, and their transfer is then inaccurate, so this
condition should always be checked for. There is an equivalent degeneracy for line
transfer between views one and two defined by a line in view three. Again, it occurs
if the lines in views one and three are corresponding epipolar lines for these two
views.

In general the epipolar geometries between views one and two, and one and three
will differ, for instance the epipole e12 arising in the first view from view two will
not coincide with the epipole e13 arising in the first view from view three. Thus an
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epipolar line in the first view for views one and two will not coincide with an epipolar
line for views one and three. Consequently, when line transfer into the third view
is degenerate, line transfer into the second view will not in general be degenerate.
However, for lines in the trifocal plane transfer is degenerate (i.e. undefined) always.

14.4 Relationship between fundamental matrices and the trifocal

tensor

Since the projective structure of the three cameras may be computed explicitly from
the trifocal tensor, it follows that all three fundamental matrices for the three view
pairs are determined by the trifocal tensor. In fact simple formulae exist for the
two fundamental matrices F21 and F31 as given in algorithm 14.1.

The question arises whether it is possible to determine the trifocal tensor given
the three fundamental matrices. The answer is that this is possible in most cases, as
will be demonstrated. A first observation is that the trifocal tensor is determined by
the three camera matrices. In fact, it is sufficient to determine the camera matrices,
up to projective transformation. The first two camera matrices P and P′ may be
determined from the fundamental matrix F12 by two-view techniques (chapter 8).
It remains to determine the third camera matrix P′′ in the same projective frame.
In principle, this may be done as follows.

(i) Select a set of matching points xi ↔ x′i in the first two images, satisfying
x′i>F21xi = 0, and use triangulation to determine the corresponding 3D
points Xi.

(ii) Use epipolar transfer to determine the corresponding points x′′i in the third
image, using the fundamental matrices F31 and F32.

(iii) Solve for the camera matrix P′′ from the set of 3D–2D correspondences
Xi ↔ x′′i .

The second step in this algorithm will fail in the case where the point Xi lies in
the trifocal plane. Such a point Xi is easily detected and discarded, since it projects
into the first image as a point xi lying on the line joining the two epipoles e12

and e13. Since there are infinitely many possible matched points, we can compute
sufficiently many such points to compute P′′.

The only situation in which this method will fail is when all space points Xi lie
in a trifocal plane. This can occur only in the degenerate situation in which the
three camera centres are collinear, in which case the trifocal plane is not uniquely
determined. Thus, we see that unless the three camera centres are collinear, the
three camera matrices may be determined from the fundamental matrices. On the
other hand, if the three cameras are collinear, then there is no way to determine the
relative spacings of the cameras along the line of their centres. This is because the
length of the baseline cannot be determined from the fundamental matrices, and the
three baselines (distances between the camera centres) may be arbitrarily chosen
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and remain consistent with the fundamental matrices. Thus we have demonstrated
the following fact:

Result 14.5. The trifocal tensor relating three cameras is determined from the three
fundamental matrices alone if and only if the three camera centres are not collinear.

14.5 Closure

The development of three-view geometry proceeds in an analogous manner to that
of two-view geometry covered in part II of this book. The trifocal tensor may be
computed from image correspondences over three views, and a projective recon-
struction of the cameras and 3D scene then follows. This computation is described
in chapter 15. The projective ambiguity may be reduced to affine or metric by
supplying additional information on the scene or cameras in the same manner as
that of chapter 9. A similar development to that of chapter 12 may be given for the
relations between homographies induced by scene planes and the trifocal tensor.

14.5.1 The literature

With hindsight, the discovery of the trifocal tensor may be traced to [Spetsakis-91]
and [Weng-88], where it was used for scene reconstruction from lines in the case
of calibrated cameras. It was later shown in [Hartley-94c] to be equally applicable
to projective scene reconstruction in the uncalibrated case. At this stage matrix
notation was used, but [Viéville-93] used tensor notation for this problem.

Meanwhile in independent work, Shashua introduced trilinearity conditions relat-
ing the coordinates of corresponding points in three views with uncalibrated cameras
[Shashua-94, Shashua-95a]. [Hartley-95a, Hartley-97c] then showed that Shashua’s
relation for points and scene reconstruction from lines both arise from a common
tensor, and the trifocal tensor was explicitly identified.

In subsequent work properties of the tensor have been investigated, e.g.
[Shashua-95b]. In particular [Triggs-95] described the mixed covariant–
contravariant behaviour of the indices, and [Zisserman-96] described the geometry
of the homographies encoded by the tensor. Faugeras and Mourrain [Faugeras-95c]
gave enlightening new derivations of the trifocal tensor equations and considered
the trifocal tensor in the context of general linear constraints involving multiple
views. This approach will be discussed in chapter 16. Further geometric properties
of the tensor were given in Faugeras & Papadopoulo [Faugeras-97].

Epipolar point transfer was described by [Barrett-92, Faugeras-94], and its defi-
ciencies pointed out by [Zisserman-94], amongst others.

The trifocal tensor has been used for various applications including establish-
ing correspondences in image sequences [Beardsley-96], independent motion detec-
tion [Torr-95b], and camera self-calibration [Armstrong-96a].
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14.5.2 Notes and exercises

(i) The trifocal tensor is invariant to 3D projective transforms. Verify explicitly
that if H4×4 is a transform preserving the first camera matrix P = [I | 0], then
the tensor defined by (14.1–p357) is unchanged.

(ii) In this chapter the starting point for the trifocal tensor derivation was the
incidence property of three corresponding lines. Show that alternatively the
starting point may be the homography induced by a plane.
Here is a sketch derivation: choose the camera matrices to be a canonical set
P = [I | 0], P′ = [A | a4], P′′ = [B | b4] and start from the homography H13 be-
tween the first and third views induced by a plane π′. From result 12.1(p312)
this homography may be written as H13 = B − b4v>, where π′> = (v>, 1).
In this case the plane is defined by a line l′ in the second view as π′ = P′>l′.
Show that result 14.2(p360) follows.

(iii) Homographies involving the first view are simply expressed in terms of the
trifocal tensor T jk

i as given by result 14.2(p360). Investigate whether a simple
formula exists for the homography H23 from the second to the third view,
induced by a line l in the first image.

(iv) The contraction xiT jk
i is a 3× 3 matrix. Show that this may be interpreted

as a correlation (see definition 1.28(p39)) mapping between the second and
third views induced by the line which is the back-projection of the point x
in the first view.

(v) In the case where two of the three cameras have the same camera centre, the
trifocal tensor may be related to simpler entities. There are two cases.

(a) If the second and third camera have the same centre, then
T jk

i = FriHk
sε

rjs, where Fri is the fundamental matrix for the first two
views, and H is the homography from the second to the third view
induced by the fact that they have the same centre.

(b) If the first and the second views have the same centre, then
T jk

i = Hj
ie
′′k, where H is the homography from the first to the sec-

ond view and e′′ is the epipole in the third image.

Prove these relationships using the approach of chapter 16.
(vi) Consider the case of a small baseline between the cameras and derive a

differential form of the trifocal tensor, see [Åström-98, Triggs-99b].
(vii) There are actually three different trifocal tensors relating three views, de-

pending on which of the three cameras corresponds to the covariant index.
Given one such tensor [Ti], verify that the tensor [T′i] may be computed in
several steps, as follows:

(a) Extract the three camera matrices P = [I | 0], P′ and P′′ from the
trifocal tensor.
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(b) Find a 3D projective transformation H such that P′H = [I | 0], and
apply it to each of P and P′′ as well.

(c) Compute the tensor [T′i] by applying (14.1–p357).

(viii) Investigate the form and properties (e.g. rank of the matrices Ti) of the trifo-
cal tensor for the special motions (pure translation, planar motion) described
in section 8.3(p228) for the fundamental matrix.

(ix) Comparison of the incidence relationships of table 14.3 indicates that one
may replace a line l′j by the expression εjrsx

′
r, and proceed similarly with l′′k.

Also, one gets a three-view line equation by replacing xi by εirsli. Can both
of these operations be carried out at once to obtain an equation(

εiruli
) (

εjsvx
′j) (εktwx′′k

)
T st

r = 0u
vw?

Why, or why not?
(x) Affine trifocal tensor. If the three cameras P, P′ and P′′ are all affine

(definition 5.3(p153)), then the corresponding tensor TA is the affine trifocal
tensor. This affine specialization of the tensor has 12 degrees of freedom and
16 non-zero entries. It was first defined in [Torr-95a].

(xi) Relations amongst fundamental matrices and epipoles. The three
fundamental matrices F12, F23, F31 are not independent, but satisfy three
(quadratic) relations:

F12 e13 = e23 × e21 F23 e21 = e31 × e32 F31 e32 = e12 × e13.

These may be deduced from the trifocal plane geometry of figure 14.8, e.g.
the first relation states that the epipolar line in view 2 of e13 in view 1 (which
is the image of the baseline between centres 1 and 3) is the intersection of
the trifocal plane with view 2, given by e23 × e21. The trifocal tensor has 18
degrees of freedom and this may be accounted for as 21 for the 3× 7 degrees
of freedom of the fundamental matrices less 3 for the quadratic relations.
Fundamental matrices computed from the trifocal tensor will automatically
satisfy these relations.


