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• We will study the relationship between 
projected points, over several images, for 
different situations.

• Assume the points we are imaging lie on a 
plane, how would their images look like for 
different camera locations?

• For a 3D world (not necessarily planar), if I let 
the camera undergo pure rotation around its 
optical axis, how would the images be related?

Multiple Camera Geometry

Multiple Camera Geometry

• In general, for arbitrary collection of 
cameras, and for any 3D set of points, 
how can we relate the images?

• How many camera (m) and how many 
matches between images (n) are 
required for 3D reconstruction of the 
world? Or even, for generating novel 
views of the world?
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The Planar World Case

• Refer to the figure in the next slide.

• Place the world coordinate system such 
that the Z axis is aligned with the surface 
normal. Any point on the plane will have 
coordinate values [X,Y,0,1]T.

The Planar World Case
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The Planar World Case

• For the ith view, the image is

• Simplifying

Above, Di is a 33 matrix

The Planar World Case

• Thus considering the ith and the jth view, 
we can relate the projection of a 3D point 
as follows

• Hence

“” represents 
homogeneous coordinates; 
slight abuse of notation here
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The Planar World Case

• Note that Hij is a 33 matrix, also known as the 
homography.

• Thus, images of points lying on a plane are 
related by homography.

• Given two views, if we supply n (n  4) point 
matches, we can recover the homography 
corresponding to the two views.

• Any new image point in one of the views can 
now be reprojected to the other view!!! 

Rotation about optical center

• Now consider a arbitrary 3D world, 
however a pure rotation is applied around 
the camera’s optical center.
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Rotation about optical center

• At time instance i, let R=I and t=0. At time 
instance j, the rotation is Rj. 

• Thus, the jth view is related to the ith view by a 
homography, like in the planar case.

• Rewriting,

• In both the examples considered earlier, 
the mapping between scene points is 
characterized by a 33 transform, called 
homography.

• Given n point matches between two 
images, the homography can be 
determined (n4). Why is this so?

Computing Homographies
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• The H matrix contains 8 unknowns (since the 
equation is defined up to a scale factor).

• Each point matches gives us two linearly 
independent solutions. Hence, we required 
8/2=4 matches to solve for H linearly. The more 
the merrier!

• If F is given, the degree of freedom is not 8, as 
the resulting correspondence must be 
consistent with epipolar constraint x’TFx=0. See 
H&Z for more “correct” algorithm.

Computing Homographies

Computing Homographies

• Let 

• If the point match is

then we can write

• Here
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• For n point matches, we can have an equation 
of the form Ah=0.

• You can create A by just stacking up the rows, 
as in the equation above. For n matches, the 
dimension is 2n9.

• As in the case of F-matrix, we can solve for h
easily. Note that it is null(A). Numerically, you 
can use SVD to solve for this.

Computing Homographies

• We just learnt that the images of a plane 
for different cameras are related by a 
homography.

• Observe the figure in the next slide, the 
first row shows the left and the right 
images. 

Examples of Plane Projective 
Transfer
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Examples of Plane Projective 
Transfer

• The transfer image is the left image projection 
warped so that points on the plane containing 
the Chinese text are mapped to their position in 
the right image.

• The superimpose image is a superposition of 
the transfer and right image. The planes exactly 
coincide. However, points off the plane (such 
as the mug) do not coincide.

Examples of Plane Projective 
Transfer
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• Now, assume an arbitrary geometry of 
the 3D world!

• Also, do not assume any “special” 
geometry between camera locations.

• So, we have to establish the relationship 
amongst the projected points in this 
generic situation.

Three View Geometry

• Refer to the figure in the next slide. Three views 
can be thought of as 3 stereo pairs. Hence, the 
three stereo pairs are (Cam1,Cam2); 
(Cam2,Cam3); (Cam3,Cam1).

• We have studied the epipolar constraint in the 
stereo chapter. So, we can generate some 
constraint using that theory.

Three View Geometry
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Three View Geometry 
(illustration)

• Assume that we have matched eight 
points over the three views.

• Using the eight point algorithm, we can 
now compute the fundamental matrices 
F12, F23 and F31, respectively, where Fij

corresponds to the (Cam i, Cam j) pair.

Three View Geometry: 
Reprojection
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• Next, for any point p in Cam 1’s image, 
we can compute the epipolar line in the 
Cam 3 image, using the matrix F13. Call it 
line l1.

• If we have already computed a dense 
stereo match between the images of 
Cam 1 and Cam 2, then we would know 
the location of p in Cam 2 (call it p’)

Three View Geometry: 
Reprojection

• For the point p’ in Cam 2, use the fundamental 
matrix F23 to generate the epipolar line in Cam 3. 
Call it line l2.

• The intersection of l1 and l2 gives us the estimation 
of the location of the corresponding point of p and p’
in the third image (called it p’’).

• The Moral of the Story: If you have located eight (or 
more) point matches over three views, and have 
managed to compute dense point matches between 
any two of the views, you can “reproject” the dense 
point matches to the third view using the epipolar 
line constraint.

Three View Geometry: 
Reprojection
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• Although the epipolar line intersection 
method is intuitively simple, it has many 
problems. Epipolar constraints are good 
for two views only. For three views, it 
cannot capture all the constraints 
comprehensively.

• Refer to the figure in the next slide.

Three View Geometry: Problem of 
Epipolar Intersection Technique

The Trifocal Plane (illustration)

Here, eij denotes the epipoles, and di is the intersection of the image 
plane of Cam i with the trifocal plane.
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• The camera centers form a plane called the 
Trifocal Plane.

• If a 3D point lies in this plane, then you will be 
in trouble, if you are using epipolar line 
intersection technique. Why?

• Because, the epipolar line l1 and l2 (notations 
were introduced earlier) will be identical to d3. 
One overlays nicely on the other, and you 
cannot compute the intersection, as it is not 
unique.

Three View Geometry: Problem of 
Epipolar Intersection Technique

• The failure of the epipolar line intersection 
technique verified that it is not adequate.

• So, we need a contraint that is better and stronger 
than the epipolar line intersection constraint. 
Something that can really capture the three view 
geometry!

• Hence, the need for the Trifocal Tensor Constraint.

Build Up to the Trifocal Tensor 
Constraint
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Three View Geometry 
(illustration)

• The line L in 3D projects to the line l, l’ and l’’ in the 
three images. Backprojecting l leads to a plane. Note a 
similar thing for l’ and l’’. All these planes intersect at L, 
providing the basis for the trilinear tensor theory.

The Trifocal Tensor: 
Underlying Geometry

• Refer to the figure in the previous slide.

• With no information about the camera 
projection matrices, it is perfectly OK to assume 
that for the first camera, M=[I 0]. We saw this 
form in the stereo chapter, in the reconstruction 
without calibration section.

• The above is especially true under projective 
transformation of space.
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• In this chapter, we are only concerned 
with properties, such as the intersections 
of lines and planes, that are invariant 
under 3D projective transforms.

• The projection matrices of the second 
and the third camera are expressed as

The Trifocal Tensor: 
Underlying Geometry

The Trifocal Tensor: 
Underlying Geometry

• Now, consider the problem of a line l in 
an image, where M is the projection 
matrix of the camera.

• Backprojecting the line l lead to a plane .

• What is the parametric equation of this 
plane ?
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The Trifocal Tensor: 
Underlying Geometry

• Answer: A point x lies on a line l iff              . A 
3D point X maps to an image point        , which 
lies on the line l iff      MTl=0 . Thus, if MTl is the 
parametric equation of the plane representing 
the plane, then       lies on the plane iff X maps 
to a point on l.

• In other words, MTl is the equation of the 
backprojected plane, for the line l.

The Trifocal Tensor: 
Underlying Geometry

• The three planes have the equation
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• Note that the three planes , ’ and ’’ all 
pass through the same line L in the 3D 
space.

• Thus, we need to invoke this constraint.

The Trifocal Tensor: 
Underlying Geometry

The Trifocal Tensor: 
Underlying Geometry

• The above 43 matrix M only has a rank of 2. 
Why?

• Let X1 and X2 be two linearly independent 41 
vectors. Points on the line of intersection 
can be represented as X=X1+X2.

• Construct the matrix M (43 in dimension)
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The Trifocal Tensor: 
Underlying Geometry

• If X has to lie on all three planes

TX= ’TX= ’’TX=0

• Thus, we can show easily that M
T X=0. 

Consequently, M
T has a two dimensional null 

space since M
TX1= M

TX2 =0. Thus rank of M
is 2, since rank + nullity = #column

• Writing M as M =[m1 m2 m3], we note that if 
M is of rank 2, then m1= m2+m3.

The Trifocal Tensor: 
Underlying Geometry

• Noting that element (4,1) of the matrix M is 
zero, we have

for some scalar k. 

• Applying the above relation to the top three 
vectors in each column, we have
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The Trifocal Tensor: 
Underlying Geometry

• The ith coordinate li of l is

• Let

The Trifocal Tensor

• The set of three matrices {T1,T2,T3} constitute the Trifocal 
Tensor.

• The ensemble of the three matrices are denoted as [T1 T2 T3].

• The relationship li=l'TTil" in general is written as lT= l'T[T1 T2 T3]l"

• Thus, there are three 33 matrices that constitute the tensor. 
Total number of parameters to estimate is therefore 27.

• Tensor T depends only on the three camera matrices (with 3 ×
11 = 33 d.o.f.) and it is invariant to any projective transformation 
of the 3D space (with 15 d.o.f.). In total this gives 33 − 15 = 18 
d.o.f.for T, and implies that it must satisfy a set of 8 internal 
constraints to account for (27 elements-1 scale).

• Closed form expression for these 8 constraints not trivial to write. 
Relationship between Ti also not clear. 

• Optional: See “The Key to Three-View Geometry”, Klas Nordberg, IJCV2011, for 
the latest attempt to achieve a minimal and clean parameterization of T.



20

Points and lines incidence relationship

• The trifocal tensors encapsulate the incidence 
relationship between points and lines in three views.

• The incidence relationship between line l, l’ and l’’ 
were already defined.

• Now consider the case of the point x in Image 1,and 
lines l’ and l’’ in image 2 and 3, respectively. Refer 
to the figure in the next page.

• Since x lies on the line l,              . Since li=l’TTil”, 
this can be written as

Points and lines incidence relationship

Point x, line l’ and l’’ match up in Image 1,2 and 3, 
respectively
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Points and lines incidence relationship

• Next consider that the point x and x’’ match, 
and the corresponding point lies on l’ in the 
second image. Refer to the top figure in the 
next page.

• Refer to the bottom figure in the next page.

• Note that the plane formed by backprojecting l’ 
is where the 3D point lies.

Points and lines incidence relationship

Point x, line l’ and point x’’ form a match

The plane formed by backprojecting l’ induces an homography



22

Points and lines incidence relationship

• Remember, this plane induces a 
homography between x and x’’. Thus 
x’’=H13x.

• If l contains x and l’’ contains x’’, then 
one can easily verify that             . Why? 
(Proof: Since xTl=x’’Tl’’=0, thus 
xTl=(H13x)Tl’’. In other words, 
xTl=xT(H13)Tl’’. By observation now, 

Points and lines incidence relationship

• Now compare the formulae                and 
li=l’TTil”. We can easily note that

• Thus
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Points and lines incidence relationship

• Next consider that the point x, x’ and x’’. 
Refer to the figure in the next slide.

• Recall that we just proved that

• Multiply both sides with [x’’]

• We get

Points and lines incidence relationship

Points p, p’ and p’’ in Image 1, 2 and 3 form a match.
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Points and lines incidence relationship

• Finally, note that the line l’ passes through x’ and 
some other point y’. Thus we have l’ = x’  y’ = 
[x’]y’.

• Substituting in the above equation

• The above relationship is true for all lines l’ passing 
through x’ and so is independent of y.

• Therefore,

where 03 3 is a 3 3 matrix with zero entries.

• Since, we are used to thinking in terms of 
multidimensional arrays, we introduce the term 
, with        being the (j,k)th element of the matrix Ti 
introduced earlier.

• We can think of  as a three-dimensional array 
indexed by (i,j,k).

• We can write

Trilinear tensor: 
Notation and Equation
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• E.g. expanding the equation of point-point-point 
relationship, and after a lot of mathematical 
gymnastics (!), we get

Trilinear tensor: Notation & Equation

Note: In tensor notation, if the index i appears in both upper & 
lower positions, it means to carry out summation over i.

• Although a match xx’x’’ leads to 9 equations, 
we have only 4 linearly independent equations.

• Since there are 27 unknowns (actually, 26, as 
one of the elements can be 1), we need at least 
26 linearly independent equations.

• Therefore, the number of matches required is n7.

• Once these point matches are obtained, we can 
write a system of equation of the form At=0, 
where t is 271. A is a known matrix, and is of 
dimension 4n 27.

Trilinear tensor: Solution
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Trilinear tensor: Solution

• As before (in the case of F-matrix), follow the SVD 
technique to solve for t.

• However, it is not easy to enforce the algebraic 
constraints (in the case of F, it can be readily expressed 
as rank(F)=2 but not so in this case). Refer to H&Z Sect 
15.3 (optional). 

• If line-line-line relationship is used, it yields 2 linearly 
independent equations. Thus 13 line matches would be 
needed to solved the tensors. 

• If we use a mix of points and lines, we need something 
between 7 to 13 incidence relations.

• Linear method (7-point), Minimal method (6-point, Quan 
ECCV’94),  Geometric error minimization,  RANSAC

• Special case of point-line-line where l’ is the 
epipolar line corresponding to x.

• The plane ’’ back-projected from l’’ will intersect 
the plane ’ back-projected from l’ in a line L.

• Since the ray corresponding to x lies entirely in ’, 
it must intersect at L. Thus, 

• But this is true for any line l”. Thus,

•  Epipolar line l’ is the left null vector of           . 

Trilinear tensor: algebraic properties
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• Similarly, epipolar line l” is the right null vector of        

• Epipoles is the common intersection of the 
epipolar lines corresponding to x=(1,0,0)T,  (0,1,0) 
T and (0,0,1) T.

• Fundamental matrix and projection matrix can 
also be extracted from the trifocal tensors. See 
Hartley & Zisserman (optional).

Trilinear tensor: algebraic properties

Transfer: trifocal transfer (Optional)

point transfer

line transfer

degenerate when known lines 
are corresponding epipolar lines

• We have estimated [Ti]  and we know x”=H13(l’)x = [T1
T l’ T2

T l’
T3

T l’]x. 

• Now given x & x’ in image 1 & 2, we can transfer by:

– Compute a line l’ through x’ that is perpendicular to the epipolar 
line F12x (if l’=epipolar line, it will be degenerate). 

– Apply x”=H13(l’)x = [T1
T l’ T2

T l’ T3
T l’]x. 
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• Given at least 7 point matches in 3 views, we can 
compute the trifocal tensor.

• Given a match pair in Image 1 and Image 2, we can 
use the trifocal tensor equations to generate the 
coordinate values in the third image.

• The reprojection theory using tensors is much 
stronger than the theory using epipolar line 
intersection.

• The reprojection results studied here will form the 
basis for the image based rendering and novel view 
generation discussed in the rendering chapter.

Conclusion


