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Introduction: what is motion segmentation?

Introduction: motion segmentation versus 
image segmentation
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Factorization

Spatial Factorization
Temporal Factorization

-Manor and Irani

Rigid body Non-rigid body

Orthographic Projection
Tomasi and Kanade

Scaled Orthographic 
Projection

-Mei Han and Kanade

Paraperspective 
Projection

-Poelman and Kanade

Perspective Projection
(Sturm & Triggs 96 …)

Single rigid body motion and 

multiple rigid bodies motion 

(e.g. Costeira and Kanade 94)

Once upon a time, around 1991…..

Factorization with outliers 

and missing pts (Jacobs ‘97, 

Martinek & Pajdla 01 Aanaes’02). 

Many later works handle these

naturally, e.g.SSC, GPCA. 

Many more works in each 
of these areas later…

Traditional model: affine camera

• A single rigid-body motion

• Multiple rigid-body motions

• Model assumes that depth relief 
is small compared to average 
depth & small FoV.

Image trajectories 
lives in a 4D subspace

 is a permu-
tation matrix

f = # frame
P = # points
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Multi-body factorization (Costeira and Kanade 94)

− Shape interaction matrix Q = VVT. (where W = USVT).

− Qij = 0 if i and j belongs to different motions.

− Apply the corresponding permutations to the columns of W 

Multi-body factorization (Costeira and Kanade 94)

• When motion subspaces are fully independent, 
segmentation depends only on SVD of the data matrix

• Fails when motion groups are partially dependent
• Sensitive to noise

• Motion of one rigid body lives in a 4D subspace in R2F. 
Basically a subspace clustering problem. We will discuss: 
– Expectation Maximization (briefly) (Gruber & Weiss CVPR04)

– Linear Subspace Affinity (LSA) (Yan and Pollefey ECCV06)

– Power factorization + GPCA (Tron, Vidal, Hartley, IJCV08)

– Sparse Subspace Clustering (SSC) (Elhamifar, Vidal CVPR09)

• Before that, what is subspace clustering? Its relationship to 
other image problems? 
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Subspace Clustering

Computer History
Raymond 50 40
Louis 60 45
Wyman 40 95
… … …

Computer

History

No Cluster!
The data points span along history dimension.

Problem: to find all clusters in the subspace (i.e. some of the dimensions)

Contrast this with clustering which considers only FULL space (i.e. 
computer and history)!

Curse of Dimensionality

 When the number of dimension 
increases, 
 the distance between any two points is 

nearly the same

Surprising results!

This is the reason why we need to study subspace clustering
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Clustering and dimensionality reduction

 Given the following data, PCA finds the following 
eigenvectors (marked in red)

Eigenvector with a 
large eigenvalue

Eigenvector with a 
small eigenvalue

e1

e2

Consider two cases

 Case 1
 Consider that the data points are projected 

on e1

 Case 2
 Consider that the data points are projected 

on e2

It corresponds to dimension 
reduction.

It corresponds to subspace 
clustering.
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Applications of subspace clustering in Comp. Vision

 Image compression/representation

 Segmentation
 Intensity (black-white)
 Texture
 Motion (2-D, 3-D)

 Recognition
 Faces (Eigenfaces)
 Man - Woman
 Human Gaits
 Dynamic Textures

Dimensionality of these problems is high!

Dimensionality reduction for Image Representation & 

Compression

 Fixed Orthogonal Bases (representation, 
approximation, compression)
 Discrete Fourier transform (DFT) or discrete cosine 

transform (DCT)(Ahmed ’74): JPEG.
 Wavelets (multi-resolution) (Daubechies’88, Mallat’92): 

JPEG-2000.

 Unorthogonal Bases (for redundant representations)
 Frames: Curvelets and contourlets (Candes & Donoho’99, Do 

& Veterlli’00)
 Sparse representations: dictionaries
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 Adaptive Bases(optimal if imagery data are uni-modal)
 Karhunen-Loeve transform (KLT), also known as PCA 

(Pearson’1901, Hotelling’33, Jolliffe’86)

Dimensionality reduction for Image Representation & 
Compression

 Hybrid Linear Models 
(based on GPCA; see later)
 the number of subspaces is 

unknown
 the dimensions of the 

subspaces are unknown
 the basis of the subspaces 

are unknown
 the segmentation of the data 

points is unknown

“Chicken-and-Egg” Coupling
-Given segmentation, estimate subspaces
–Given subspaces, segment the data
Reference: Multiscale Hybrid Linear Models for Lossy Image 
Representation, IEEE-IP, Dec 2006, 15(12).
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APPLICATIONS –Texture-Based Image Segmentation

Naïve approach:
 Take a 7x7 Gaussian window around every pixel.
 Stack these windows as vectors.
 Clustering the vectors using the GPCA algorithm.

Works on subspace clustering for 
motion segmentation

 Probabilistic approaches: learn the parameters of a mixture model 
using e.g. EM
 Mixtures of PPCA: (Tipping-Bishop ‘99):
 Multi-Stage Learning (Kanatani’04)

 An Information-Theoretic Approach 
 Geometric AIC [Kanatani’03], Robust AIC [Torr’98]

 Algebro-Geometric Approach
 GPCA: [Rao, Tron, Vidal, and Ma, CVPR’08], Power 

Factorization+GPCA (Vidal, Tron, Hartley IJCV 2008)

 Others:
 Spectral clustering based approaches: (Yan-Pollefeys’06)
 Sparse subspace clustering (Elhamifar, Vidal CVPR09)
 K-subspace (Ho et al. ’03),
 RANSAC, subspace selection and growing (Leonardis et al. ’02)



4/15/2013

10

Method 1: EM
Unknown clusters and centers

Maximization step:
Find the center (mean)

of each class

Start with random
model parameters

Expectation step:
Classify each vector
to the closest center

Illustration

Given these points, update the 

centroid of each group

Given these centroids, update the 

membership of each point
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EM Characteristics

 Simple to program.
 Separates the iterative stage to two independent 

simple stages.
 Convergence is guaranteed, to some local minimum.
 Speed and quality depend on:

 Number of clusters.
 Geometric Shape of the real clusters.
 Initial clustering.

 The above version is sometimes known as Hard EM

(Soft) EM

Choose a probabilistic model (e.g. Gaussian). 
Each point is then given a probability (weight) 
to belong to each class. Usually this is the type 
associated with EM.

 The E step:
The probabilities of each point are updated according 
to the distances to the centers.

 The M step:
Class centers are computed as a weighted average 
over all data points.
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Soft EM (cont.)

 Final E step:
classify each point to the nearest (most probable) 
center.

 As a result:
 Points near a center of a cluster have high influence on 

the location of the center.

 Points near clusters boundaries have small influence on 
several centers.

 This is the type normally associated with EM.

E.g. Fitting 2 lines to data points

 Input:
 Data points that where 

generated by 2 lines 
with Gaussian noise.

 Output:
 The parameters of

the 2 lines.
 The assignment of 

each point to its line. 

ri

(xi,yi)

y=a1x+b1+v y=a2x+b2+v

v~N(0,1)
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Illustrations

Prob (Line 1)

Prob (Line 2)

Some EM-based approach to motion segmentation:
 Sugaya, Y., & Kanatani, K. (2004). Geometric structure of degeneracy for multi-body motion 

segmentation. In Workshop on statistical methods in video processing.

 Gruber, A., & Weiss, Y. (2004). Multibody factorization with uncertainty and missing data using 
the EM algorithm. In CVPR (Vol. I, pp. 707–714).

 Proposed by Yan and Pollefeys of UNC at Chapel Hill in 
2006

 Main idea is to look for local neighbors at each 
trajectory point and estimate the underlying subspace

 Apply spectral clustering so that trajectories belonging 
to the same subspace are grouped together

Method 2: Linear Subspace Affinity (LSA)
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Spectral Clustering: Recap

 Apply SVD: W = UΣVT , truncate U to 2F  r, Σ r  r, V 
P  r

 r is the rank of W. But the rank(W) is usually not 
known. Use the upper bound 4N, where N is the 
number of motion group

 Normalized columns (unit length) of V are used as new 
representation Vnorm of feature points trajectories

 Vnorm can be interpreted as P feature points embedded 
in the ambient dimension D (= 4N)

Linear Subspace Affinity (LSA) – Data Projection
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 The whole trajectory space is the union of individual 
motion group subspace

Linear Subspace Affinity (LSA) – Data Projection

 For each trajectory vector, look for n nearest 
neighbors, in terms of the dot product angle

 Each trajectory point has an associated subspace 
constructed from these neighbors

 Distance between subspace captured by principal 
angles (a series of angles defined recursively):

Linear Subspace Affinity (LSA) – Subspace 
estimation by local sampling
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 Define the affinity between two trajectory points as:

 Intuition is that trajectories in the same subspace 
should have principal angles close to 0 and therefore 
affinity measure close to 1. For trajectories from 
different motion group, affinity measure should be 
close to 0

 Apply spectral clustering to this affinity matrix to 
segment the trajectory points into their respective 
motion group

Linear Subspace Affinity (LSA) – Affinity 
measure

Method 3: Power Factorization + GPCA 
(Vidal, Tron, Hartley IJCV2008)

NB: If there is no missing data, we can use the SVD to project to 5D space
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 Either use the SVD or Power Factorization to project to 5D space 
 Given SVD of W, define a new data matrix W* to consist of the first 5 

rows of VT. (coordinates in the dominant eigensubspace given by the 
1st 5 columns of U)

 Power Factorization.: If ABT is the nearest rank-5 factorization to W, 
then W* = BT is the matrix that we require.

Power Factorization + GPCA 

• GPCA: Subspace clustering is algebraically equivalent to 
polynomial fitting and Polynomial differentiation
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e.g. K=n=2

For non-degenerate cases

This is for the case of non-degenerate subspaces. Refer to the paper for degenerate case
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GPCA with spectral clustering

 For spectral clustering, define similarity matrix

where ij is the angle between the normals of feature point i 
and feature point j (subspace angle)

 For partially dependent motions, the 2 subspaces 
will have distinct normals, even if they intersect in 
some non-zero subspace. Method will work. 

 Proposed by Elhamifar and Vidal of Johns Hopkins 
University in 2009

 Brings compressive sensing and sparse representation 
into motion segmentation

 Key idea is the self-expressiveness of the feature point 
trajectories 

 Sparse representation of a feature point trajectory by 
other trajectories in the same subspace

Method 4: Sparse Subspace Clustering (SSC) 
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 Choose ambient dimension 4N, N is the number of 
motion group

 Apply Gaussian or Bernoulli random projection matrix 
to data matrix W to ensure high probability of 
successful sparse representation recovery

 W is 2FxP, Φ is 4Nx2F, so that after applying the 
random projection matrix, Y = ΦW is 4NxP

SSC – Data Projection 

 Use the self-expressive property to express each 
column c as an affine combination of other columns in 
the same motion group:

 The affine constraint is to ensure the trajectories lie in 
affine subspaces (in practice, this may not be 
important). 

 Solving each c and stack the columns together to form 
a coefficient matrix

SSC – Clustering affine subspace
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 The coefficient matrix C computed from the previous 
step is in fact the adjacency matrix, if we regard each 
feature point as vertices of a graph, and the edges 
between them being the coefficients

 However, C is not symmetric. Construct a symmetric  
Ĉij = | Cij | + | Cji |

 Apply spectral clustering on this symmetric adjacency 
(affinity) matrix

SSC – Adjacency Matrix

 Handles noisy data by Lasso optimization algorithm

 Handles missing or corrupted data similarly

SSC – Robustness issue

New paper by Candes: A Geometric Analysis of Subspace Clustering with 
Outliers, preprint (especially interesting result on outlier detection)

Strike out rows with missing entries
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PERFORMANCE % – 2 MOTION

Method GPCA LSA RANSAC MSL ALC SSC‐B SSC‐N

Checkerboard: 78 sequences

Mean 6.09 2.57 6.52 4.46 1.55 0.83 1.12

Median 1.03 0.27 1.75 0 0.29 0 0

Traffic: 31 sequences

Mean 1.41 5.43 2.55 2.23 1.59 0.23 0.02

Median 0 1.48 0.21 0 1.17 0 0

Articulated: 11 sequences

Mean 2.88 4.1 7.25 7.23 10.7 1.63 0.62

Median 0 1.22 2.64 0 0.95 0 0

All:
120 
sequences

Mean 4.59 3.45 5.56 4.14 2.4 0.75 0.82

Median 0.38 0.59 1.18 0 0.43 0 0

Agglomerative Lossy Compression.
Ref: Motion Segmentation in the 
Presence of Outlying, Incomplete, 
or Corrupted Trajectories, PAMI09

Multistage Learning. Ref: Motion 
segmentation by subspace separation 
and model selection. ICCV01
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PERFORMANCE % – 3 MOTION

Method GPCA LSA RANSAC MSL ALC SSC‐B SSC‐N

Checkerboard: 26 sequences

Mean 31.95 5.8 25.78 10.38 5.2 4.49 2.97

Median 32.93 1.77 26 4.61 0.67 0.54 0.27

Traffic: 7 sequences

Mean 19.83 25.07 12.83 1.8 7.75 0.61 0.58

Median 19.55 23.79 11.45 0 0.49 0 0

Articulated: 2 sequences

Mean 16.85 7.25 21.38 2.71 21.08 1.6 1.42

Median 16.85 7.25 21.38 2.71 21.08 1.6 0

All: 35 sequences

Mean 28.66 9.73 22.94 8.23 6.69 3.55 2.45

Median 28.26 2.33 22.03 1.76 0.67 0.25 0.2

PERFORMANCE % – OVERALL

Method GPCA LSA RANSAC MSL ALC SSC‐B SSC‐N

155 sequences

Mean 10.34 4.94 9.76 5.03 3.56 1.45 1.24

Median 2.54 0.9 3.21 0 0.5 0 0

Estimating the number of motions? Still an open question 

ORK: The Ordered Residual Kernel for Robust Motion Subspace Clustering, NIPS 2009.
KM:    Kanatani’s Multi Stage Learning method.


