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Interlude: Mathematical Tools II

Outline
– Compressed sensing / Sparse representation

– Matrix extensions: Low-rank matrix recovery 
problems

– Solving nuclear norm minimization (SVT Thresholding 
Algorithm)

Slide material courtesy of Prof Ma Yi et al, Dr Cai Jianfeng.

Application – Single Pixel Camera
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MOTIVATION – Applications to a variety 
of vision problems

• Face Recognition: 
– Wright et al PAMI ’09, Huang CVPR ’08, Wagner CVPR ’09 …

• Image Enhancement & Superresolution: 
– Elad TIP ’06, Huang CVPR ‘08, …

• Image Classification: 
– Mairal CVPR 08, Rodriguez 07, many others …

• Multiple Motion Segmentation: 
– Rao CVPR ‘08, Elhamifar CVPR ’09 …

Sparse Representation
• A signal is sparse if most of its coefficients are 

(approximately) zero.
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SPARSE REPRESENTATION – Model problem

Observation Unknown

?

?

?

?

…

Underdetermined system of linear equations,

Two interpretations:

• Compressed sensing: A as sensing matrix

• Sparse representation: A as overcomplete dictionary

Rm Rn

Rmxn m<n

SPARSE REPRESENTATION – Model problem

Observation Unknown

?

?

?

?

…

Underdetermined system of linear equations,

Many more unknowns than observations → no unique solution.

• Classical answer: minimum L2 -norm solution

• Emerging applications: instead desire sparse solutions

Rm

Rmxn m<n
Rn
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SPARSE SOLUTIONS – Uniqueness

Is the sparsest solution unique?

Look for the sparsest solution:

- number of nonzero elements

- size of smallest set of linearly dependent columns of A.

Proposition [Gorodnitsky & Rao ‘97]:

If                   with                                 ,   

then       is the unique solution to

||x||0

min ||x||0 subj y=Ax

||x||0 < spark(A)/2

min ||x||0 subj y=Ax

Rank is easy to compute, but spark needs a combinatorial search.

SPARSE SOLUTIONS – So How Do We Compute It?

Looking for the sparsest solution:

Maybe we can still solve important cases?

• Greedy algorithms: Matching Pursuit, Orthogonal Matching Pursuit 
[Mallat & Zhang   ‘93] CoSAMP  [Needell & Tropp ‘08]

• Relax into convex programming  [Chen, Donoho & Saunders ‘94]

Bad News:          NP-hard in the worst case, hard to approximate within 
certain constants [Amaldi & Kann ’95].

(P0): min ||x||0 subj y=Ax

Greed is Good, Just Relax
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Optional material!

SPARSE SOLUTIONS – The      Heuristic

Looking for the sparsest solution:

convex relaxation

Linear program,
solvable in 
polynomial time.

Intractable. 

Why  L1?   Convex envelope of  L0  over the unit cube:

Rich applied history – geosciences, sparse coding in vision, statistics

(P0): min ||x||0 subj y=Ax

(P1): min ||x||1 subj y=Ax

x

|x|p
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• The set of all K-sparse vectors s in RN is a highly nonlinear space consisting of all K-
dimensional hyperplanes that are aligned with the coordinate axes

• The L2 minimizer     is the point on H closest to the origin. This point can be found by 
blowing up a hypersphere (the L2 ball) until it contacts H (sparse nor close to the 
correct answer!). 

• In contrast, the L1 ball in Figure (c) has points aligned with the coordinate axes. 
Therefore, when the L1 ball is blown up, it will first contact the translated null space H 
at a point near the coordinate axes.

x3

x2

x1

-

Mutual coherence: largest inner product between distinct columns of A

GUARANTEES 

Low mutual coherence: vectors are well-spread in the space

In many cases, the solutions to (P0) and (P1) are exactly the same. 

“ L1-minimization recovers any sufficiently sparse solution”
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Mutual coherence:

Theorem [Elad & Donoho ’03, Gribvonel & Nielsen ‘03]:

L1 minimization uniquely recovers any        with                                   
. 

Strong point:  checkable condition.

Weakness: (for a general mxn matrix with m < n)
In typical signal processing application, it is common that  > 
which can only guarantee recovery up to             nonzeros. 

NB:  can go lower if other conditions hold; e.g. if A is unitary, than  is 0. Another 
case: For A = [  ] where  &  are mxm unitary, it holds             (A)  1

GUARANTEES – “Well-Spread” A

We say A is incoherent when  <

Restricted Isometry Constants:

-sparse    , s.t. for all 

GUARANTEES – Beyond Coherence

Low coherence: 
“any submatrix consisting of two columns of A is well-conditioned”

Stronger bounds by looking at larger submatrices?

Low RIC (not too close to 1): “Column submatrices of A are uniformly 
well-conditioned” Or: The projection A is approximately "norm preserving".

And we say that the matrix A obeys the RIP (Restricted Isometry Property)
of order k.
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Restricted Isometry Constants:

-sparse    , s.t. for all 

Theorem [Candes & Tao ’04, Candes ‘07]:

If                             , then L1-minimization recovers any k-sparse     .  

For random A, this guarantees recovery up to linear sparsity:

GUARANTEES – Beyond Coherence

||x||0 < ½ m

[Candes & Tao ’04, Donoho ‘04]:

There are many different guarantee results; e.g 2k + 3k < 1, or just 3k < 1, 
depending on assumptions on A and types of guarantees (stable vs exact 
recovery). The bottom line is that for deterministic signal, k   (k -1), and thus k 
is usually of the order        since  is bounded from below by 

Stability of L1-Minimization

See also [Candes-Romberg-Tao ‘06], [Wainwright ‘06], [Meinshausen & Yu ’06], [Zhao & Yu ‘06], … 
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L1-Minimization Routines

All are connected to Linear Programming!
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Application: Classification of Mixture Subspace Model

Sparse representation x0 encodes membership!

Underdetermined system of linear equations in unknowns          : e to model occlusion

Wright, Yang, Ganesh, Sastry, and Ma. Robust Face Recognition via Sparse Representation, PAMI 2008

Seek the sparsest solution:

Solution is not unique … but  

should be sparse: ideally, only supported on images of the same subject
expected to be sparse: occlusion only affects a subset of the pixels

convex relaxation

PRIOR WORK - Face Recognition as Sparse Representation  
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Occlusion Compensation

Random Pixel Corruption
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AR Database: 100 subjects, 
illumination, expression, occlusion

Interlude: Mathematical Tools II

Outline
– Compressed sensing / Sparse representation

– Matrix extensions: Low-rank matrix 
recovery problems

– Solving nuclear norm minimization (SVT 
algorithm)
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Low Rank Matrix Problems

Related solutions
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E.g. Matrix Completion Problem

• The Netflix Challenge
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Why are such problems hard?

• Ambiguity when A is aligned with standard basis…

Why are such problems hard?
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Why are such problems hard?

• Ambiguity when support of E is adversarial…

Why are such problems hard?
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Disambiguating the solution…

How might we solve it?



18

Key Question

Does this actually work?
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RESULT I: exact solution in noise-free case

• Note if n<m, swap the n with m in the above expressions, eg C m / ( log2n)

RESULT I: exact solution in noise-free case

Non-adaptive weight factor

Reference: Candes, Li, Ma, Wright ‟09, “Robust Principal Component Analysis?”

For general m×n, let n’=max(m,n)
then the same theorem holds for 
rank O (n’ / log 2 n’) and error 
support O (n’ 2). Weight factor 
should be 
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RESULT II: stability under noise

Convex optimization recovers matrices of rank O(n/log2m) from O(mn) errors, with 
large fractions of the observations missing, and the estimation error is 
proportional to the noise in the uncorrupted entries

Extension: Robust Alignment via Sparse and 
Low-rank Decomposition
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Transform Invariant Low-rank Textures (TILT)

Zhang, Liang, Ganesh, Ma, ACCV’10

Transform Invariant Low-rank Textures (TILT)
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Transform Invariant Low-rank Textures (TILT)

Local 3D Geometry from Low-rank Textures
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Future Applications: multiple-view 3D reconstruction

• Instead of using features, low-rank region-based 3D reconstruction:
• 1. Camera self-calibration and distortion compensation…
• 2. Low-rank textures detection and selection…
• 3. Low-rank textures correspondence with wide baseline…
• 4. Robust and efficient 3D reconstruction….

Interlude: Mathematical Tools II

Outline
– Compressed sensing / Sparse representation

– Matrix extensions: Low-rank matrix recovery 
problems

– Solving nuclear norm minimization (SVT 
algorithm)
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Correspondence between Compressed 
Sensing and Low Rank Matrix Recovery

• We will look at the Matrix Completion problem (relaxed version)

• SDP is too slow; we will look at SVT based algorithm.

Compressed Sensing Low Rank Matrix Problems

Techniques for L1-norm and nuclear norm minimization
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• The parameter  is chosen empirically and set to  = 5n.

• Stop the iteration when

• Matlab+ PROPACK [Larsen] for Sparse SVD

Faster methods
• For Matrix completion problem, the Iterative Thresholding (IT) 

just discussed works as well as other faster algorithms such as 
Accelerated Proximal Gradient (APG), and Augmented 
Lagrange Multiplier (ALM).

• For other Low Rank matrix problems such as RPCA, the ALM 
& APG is much faster than IT.

• Time required to solve a 1000x1000 RPCA problem


