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Abstract

We present systematic procedures to construct examples of linear programs that cycle when the simplex method is
applied. Cycling examples are constructed for diverse variants of pivot selection strategies: most negative reduced-
cost and steepest-edge rule for the entering variable, and smallest ratio rule for the leaving variable (where ties are
broken according to the least-index or the largest coefficient criterion, respectively). The results are of theoretical
interest since only a limited number of cycling examples have been presented in the literature up to date. Constructed
cycling examples may also serve as test problems to evaluate the practical performance of anticycling procedures
or new variants of simplex type methods.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Shortly after Dantzig [1] had developed the simplex method for Linear Programming, Hoffman [2]
constructed the first linear programming problem that was shown to cycle: When a basic feasible solution
is degenerate, it may occur that the simplex algorithm returns to a previously constructed tableau, i.e. the
same sequence of tableaux all of which are associated with the same degenerate vertex is repeated over
and over again, never leaving that vertex.
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In order to avoid cycling, numerous anticycling rules have been developed (see [3–9, 10:p.76]).
The occurrence of the cycling phenomenon is by no means restricted to the original simplex algo-
rithm. Almost all improvements and variants of the simplex method, as well as many of the sim-
plex type algorithms in (nonlinear) mathematical programming, developed in the past half century,
involve the possibility of cycling or the related phenomenon of stalling (“long” sequences of bases
associated with the same degenerate vertex): The possibility of cycling or stalling in the steepest edge
simplex algorithm, the primal–dual simplex algorithm, or the exterior point simplex type algorithm
is discussed in [11–13], respectively. Cycling may occur in transportation problems [14], in network
problems [15], in quadratic and linear complementarity problems [16–19], in bottleneck linear pro-
gramming [21], in piecewise-linear programming [20] and in general linearly constrained optimization
[6,11,22]. Finally, cycling may also occur in the very recently developed integral simplex method
for solving combinatorial optimization problems, in particular, partitioning problems
[23,24].

Instances of cycling in practical computations are reported in [25, p. 292, 26, p. 205, 27, p. 850, 28].
A more recent observation of cycling in a practical queueing model is to be found in the book [29].
Finally, the intensive Internet discussions of cycling or related phenomena (for example in the “Brian’s
Digest”, see http://www.worms.ms.unimelb.edu.au/digest.html or in the “Linear Programming FAQ’s”,
see http://www-unix.mcs.anl.gov/otc/Guide/fac/linear-programming-fac.html) testify the practical rele-
vance of such problems.

Since the early days of Linear Programming cycling has been captivating the spirits of mathematicians.
Already Beale [30, p. 269] observed in 1955:

“…linear programmers are still intrigued by cycling and seek an understanding of the basic reasons
underlying its occurrence…”

About four decades later Lee [31, p. 99] remarks enthusiastically, comparing Hoffman’s cycling ex-
ample with others:

“None of those examples is as mysterious as Hoffman’s”

The fact that some very recent articles are exclusively devoted to cycling [32,11,23] shows that this
phenomenon arose increasing interest in the last 2 years.

However, in spite of the great interest in anticycling rules, only a “handful” of cycling examples can
be found in the literature (see the recent collection [32,11,10]).

In the present article we extend the theory developed in [10] to systematically construct examples for
simplex cycling. The developments in [10] are confined to the original Dantzig pivot selection rule, i.e.
the most negative reduced cost rule for the entering and the smallest ratio rule for the leaving variable
(where ties are broken according to the least index rule). In the present article we extend the theory to
construct cycling examples for two other variants of pivot selection strategies. Altogether we present 14
new cycling examples.

In the next section some basic concepts are introduced and in Section 3 it is shown how to construct
a simplex cycle (see Definition 2.1). In Sections 4 and 5 we present examples of linear programs which
cycle, using the most negative reduced cost rule for the entering variable and the smallest ratio rule for
the leaving variable (where ties are broken according to the least index or the greatest coefficient rule,
respectively). In Section 6 cycling examples for the steepest edge simplex method are constructed. Some
concluding remarks are to be found in Section 7.

http://www.worms.ms.unimelb.edu.au/digest.html
http://www-unix.mcs.anl.gov/otc/Guide/fac/linear-programming-fac.html
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2. Basic concepts

We consider linear optimization problems of the standard form:

max z = cTx

s.t. Ax�b,

x�0,

(2.1)

with c, x ∈ Rn, A ∈ Rm×n, b ∈ Rm and b�0. The corresponding canonical form is

max z = cTx

s.t. Ax = b,

x�0,

(2.2)

with c= (
c
0

) ∈ Rm+n, x = (
x
u

)
, A= (A | I ), where u ∈ Rm is the vector of slack variables and I ∈ Rm×m

the identity matrix (T denotes the transpose).
Solving (2.1) by the (primal) simplex algorithm, the starting tableau is

(
A b

−c 0

)
=

⎛
⎜⎜⎝

a1,1 · · · a1,m+1 b1
...

...
...

am,1 · · · am,m+n bm

−c1 · · · −cm+n 0

⎞
⎟⎟⎠ . (2.3)

In the following we assume that Dantzig’s original pivot selection rules are applied: Writing the actual
tableau in the form⎛

⎜⎜⎝
ã1,1 · · · ã1,m+1 b̃1
...

...
...

ãm,1 · · · ãm,m+n b̃m

ãm+1,1 · · · ãm+1,m+n b̃m+1

⎞
⎟⎟⎠ (2.4)

(where b̃m+1 denotes the actual objective function value), any column �, such that

ãm+1,� < 0 (2.5a)

ãm+1,�� ãm+1,j for all j = 1, . . . , m + n (2.5b)

may be selected as the pivot column (most negative reduced cost column selection criterion) and any
positive element ã�,� of this column, satisfying

b̃�

ã�,�
�

b̃j

ãj,�
for all j = 1, . . . , m with ãj,� > 0 (2.6)

may be chosen as the pivot element (smallest ratio row selection criterion).
In order to construct cycling examples it is sufficient to confine to a linear problem (2.1) with right

hand side b = 0, where the feasible solution set has the single vertex 0 ∈ Rn. This vertex represents



2250 P. Zörnig / Computers & Operations Research 33 (2006) 2247–2262

a solution of the linear program, if it is not unbounded (see e.g. (4.1) and (4.2)). If a cycling example with
b = 0 is known, it is very easy to construct a general one with b�0 (see Section 4).

For arbitrary indices j1, . . . , jm, � ∈ {1, . . . , m+n} we define the following subdeterminants of
(

A
−c

)
(see (2.3)):

Dj1,...,jm :=

∣∣∣∣∣∣∣
a1,j1 · · · a1,jm

...
...

am,j1 · · · am,jm

∣∣∣∣∣∣∣ , (2.7)

Dj1,...,jm,� :=

∣∣∣∣∣∣∣∣∣∣

a1,j1 · · · a1,jm a1,�

...
...

...

am,j1 · · · am,jm am,�

−cj1 · · · −cjm −c�

∣∣∣∣∣∣∣∣∣∣
. (2.8)

Furthermore, when j1, . . . , jm are linearly independent columns with 1�j1 < · · · < jm�m + n, the
basic matrix consisting of these columns is denoted by Bj1,...,jm, and the corresponding simplex tableau
is denoted by Tj1,...,jm. We make use of the crucial fact that the simplex tableaux can be expressed by
means of the above determinants (omitting the right hand side):

Tj1,...,jm := 1

Dj1,...,jm

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

D1,j2,...,jm D2,j2,...,jm · · · Dm+n,j2,...,jm

Dj1,1,j3,...,jm Dj1,2,j3,...,jm · · · Dj1,m+n,j3,...,jm

...
...

...

Dj1,...,jm−1,1 Dj1,...,jm−1,2 . . . Dj1,...,jm−1,m+n

Dj1,...,jm,1 Dj1,...,jm,2 . . . Dj1,...,jm,m+n

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (2.9)

Definition 2.1. For � = 1, . . . , k let I� = {j (�)
1 , . . . , j

(�)
m } ⊂ {1, . . . , m + n} be a set of column indices of

(2.3). The sequence C := (I1, . . . , Ik, I1) is called an index cycle of (2.1), iff two consecutive sets differ
in exactly one element, i.e. |I�+1/I�| = 1 for � = 1, . . . , k (Ik+1 := I1).

The index cycle C := (I1, . . . , Ik, I1) is called a simplex cycle of (2.1), iff the simplex algorithm may
(under a very specific pivot selection in each case of ambiguity) create the closed sequence of tableaux:

T
j

(1)
1 ,...,j

(1)
m

, T
j

(2)
1 ,...,j

(2)
m

, . . . , T
j

(k)
1 ,...,j

(k)
m

, T
j

(1)
1 ,...,j

(1)
m

.

Using the determinant representation of simplex tableaux (2.9) we obtain the following characterization
of simplex cycles [10, p. 113f]:

Theorem 2.2. Given the linear problem (2.1) with b = 0 and the index cycle C := (I1, . . . , Ik, I1). Let
j

(�)
+ and j

(�)
− denote the index of the entering or leaving variable for the �th tableau, respectively, i.e.

j
(�)
+ ∈ I�+1/I� and j

(�)
− ∈ I�+1/I�.
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Then C is a simplex cycle iff the following conditions are satisfied:

D
j

(�)
1 ,...,j

(�)
m

�= 0 for all � = 1, . . . , k,

D
j

(�)
1 ,...,j

(�)
− −1,j

(�)
+ ,j

(�)
− +1,...,j

(�)
m

D
j

(�)
1 ,...,j

(�)
m

> 0 for all � = 1, . . . , k,

D
j

(�)
1 ,...,j

(�)
m ,j

(�)
+

D
j

(�)
1 ,...,j

(�)
m

< 0 for all � = 1, . . . , k,

D
j

(�)
1 ,...,j

(�)
m ,j

(�)
+

D
j

(�)
1 ,...,j

(�)
m

�
D

j
(�)
1 ,...,j

(�)
m ,�

D
j

(�)
1 ,...,j

(�)
m

for all � = 1, . . . , k, for all � = 1, . . . , m + n. (2.10)

The four conditions signify, respectively, that the column vectors corresponding to each I� are linearly
independent, that the pivot element is positive, that the reduced cost of the entering column is negative,
and that this reduced cost value is one of the most negative.

The above theorem states that constructing a linear programming problem that cycles is equivalent
to solving a nonlinear determinant inequality system (NDI system) of form (2.10), i.e. nonlinear pro-
gramming software (that determines a solution of a nonlinear inequality system) can be used to construct
cycling examples.

3. Construction of simplex cycles

We now illustrate how to construct a simplex cycle for a given index cycle.

Example 3.1. Let (2.1) be of the special form (m = 2, n = 4, b = 0):

max z = c1x1 + · · · + c4x4
s.t. a1,1x1 + · · · + a1,4x4 �0,

a2,1x1 + · · · + a2,4x4 �0,

x1, . . . , x4 �0,

(3.1)

and let the index cycle be (k = 6):

C = ({1, 2}, {2, 3}, {3, 4}, {4, 5}, {5, 6}, {1, 6}, {1, 2}). (3.2)

After omission of certain redundant inequalities system (2.10) reduces to

D1,2, D3,2, D3,4, D5,4, D1,6 > 0,

D1,2,3 < 0,

D1,2,3 �D1,2,4, D1,2,5,

D3,2,4 < 0,
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D3,2,4 �D3,2,5, D3,2,6,

D3,4,5 < 0,

D3,4,5 �D3,4,6, D3,4,1,

D5,4,6 < 0,

D5,4,6 �D5,4,1, D5,4,2,
D5,6,1 < 0,
D5,6,1 �D5,6,2, D5,6,3,
D1,6,2 < 0,
D1,6,2 �D1,6,3, D1,6,4. (3.3)

Note that the variables in (3.3) are the coefficients ai,j and cj of (3.1). For example, D3,4,5 < 0 represents
the condition∣∣∣∣∣

a1,3 a1,4 1
a2,3 a2,4 0
−c3 −c4 0

∣∣∣∣∣ < 0

(see (2.7)). An NDI system of form (3.3) (or of the more general form (2.10)) can be solved, for example,
using the software LINGO provided by LINDO Systems. Solving (3.3) we obtain, for example,

c1 = 3, c2 = 59
20 , c3 = −50, c4 = −2

5 ,

a1,1 = 1
40 , a1,2 = 1

400 , a1,3 = 3, a1,4 = 2,

a2,1 = 1
20 , a2,2 = 9

200 , a2,3 = −1
2 , a2,4 = 2

25 ,

representing the linear problem

max 3x1 + 59
20 x2 − 50x3 − 2

5 x4

s.t. 1
40 x1 + 1

400 x2 + 3x3 + 2x4 �0,

1
20 x1 + 9

200 x2 − 1
2 x3 + 2

25 x4 �0,

x1, . . . , x4 �0.

(3.4)

We emphasize that an NDI system does not have a unique solution, since a sufficiently small
“perturbation” of the coefficients of a cycling problem obviously does not “destroy” the cycling property.

Solving the linear program (3.4) by the simplex algorithm the sequence of tableaux in Fig. 1, cor-
responding to the cycle (3.2), may be produced (the right hand side is identical to zero and therefore
omitted). The correctness of this tableau sequence can be easily verified, using the software MAPLE:
When multiplying the initial tableau with the inverse of a basic matrix, absolutely exact computations are
performed (for small dimensions), i.e. the tableau entries are always transformed from rational fractions
to rational fractions. However, the above sequence of simplex tableaux is theoretically possible but will
not occur if one of the common tie breaking rules for the leaving variable is applied (see Sections 4 and 5).
Using the least-index rule to determine the leaving basic variable in case of ambiguity (i.e. if the row index
� in (2.6) is not uniquely determined, chose the smallest among these indices), the simplex algorithm
would have passed from T5,6 to T1,6, but in T1,6 the variable x1 would have left the basis instead of x6. If
the first element in the second column of T1,6, i.e. the element D2,6/D1,6 (see 2.9), were nonpositive, the
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The next simplex iteration results in the initial tableau.

Fig. 1. Tableaux corresponding to cycle (3.2).

algorithm would have passed from T1,6 to T1,2. (Note that all the other tableaux in Fig. 1 are obtained,
determining the leaving basic variable according to the considered tie-breaking rule). In order to make
sure that the respective element is negative, we must add the condition D2,6/D1,6 < 0 to system (3.3).
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This condition is equivalent to D2,6 < 0, since (3.3) requires D1,6 > 0.

4. Cycling examples for the least-index tie-breaking rule

Solving (3.3) with the additional condition D2,6 < 0, we get, for example, the following two linear
problems which cycle under the least-index tie-breaking rule for the leaving basic variable:

max 14x1 − 25x2 + 7
20 x3 − 20x4

s.t. x1 − 2x2 − 1
10 x3 + 5x4 �0,

7
10 x1 − 3

10 x2 − 1
100 x3 + 19

50 x4 �0,

x1, . . . , x4 �0.

(4.1)

Solution: unbounded.

max 1
2 x1 + 2

5 x2 − 5x3 − 1
5 x4

s.t. 1
40 x1 − 1

100 x2 + 3x3 + 2x4 �0,

1
20 x1 + 1

50 x2 + 1
50 x3 + 2

25 x4 �0,

x1, . . . , x4 �0.

(4.2)

Solution: x1 = · · · = x4 = 0.
In Sections 4 and 5 the entering variable is always chosen according to the most-negative reduced cost

rule (2.5). Once a cycling example of form (2.1) with b = 0 has been found, a cycling example with a
nonzero right hand side can be obtained, adding one or more constraints of the formai,1x1+· · ·+ai,nxn�bi

with bi > 0. The resulting linear program, which may have a bounded solution or not, may cycle off the
optimum (see e.g. [33, Section 2]). Modifying (4.1) in that way we obtain, for example, the linear problem

max 14x1 − 25x2 + 7
20 x3 − 20x4

s.t. x1 − 2x2 − 1
10 x3 + 5x4 �0,

7
10 x1 − 3

10 x2 − 1
100 x3 + 19

50 x4 �0,

x1 + x2 + x3 + x4 �5,

x1 + 2x2 + 3x3 + x4 �10,

x1, . . . , x4 �0.

(4.3)

Solution: (x1, x2, x3, x4) = (10/211, 0, 700/211, 0).
This problem cycles at the (nonoptimal) vertex 0. Note that the slack variables associated to the

additional constraints can never leave the basis because of the condition bi > 0. By construction, (4.3) is
reducible in so far as a “smaller” cycling example results by simply deleting constraints with bi > 0.

We will now construct cycling examples of higher dimensions, which are not reducible in this sense.
For example, if m = 2 and n = 6, the index cycle may be chosen as

C = ({1, 2}, {2, 3}, {3, 4}, {4, 5}, {5, 6}, {6, 7}, {7, 8}, {1, 8}, {1, 2})



P. Zörnig / Computers & Operations Research 33 (2006) 2247–2262 2255

and the system of inequalities (2.10) is now of the form

D1,2, D3,2, D3,4, D5,4, D5,6, D7,6, D1,8 > 0,

D1,2,3 < 0,

D1,2,3 �D1,2,4, D1,2,5, D1,2,6, D1,2,7,

D3,2,4 < 0,

D3,2,4 �D3,2,5, D3,2,6, D3,2,7, D3,2,8,

D3,4,5 < 0,

D3,4,5 �D3,4,6, D3,4,7, D3,4,8, D3,4,1,

D5,4,6 < 0,

D5,4,6 �D5,4,7, D5,4,8, D5,4,1, D5,4,2,

D5,6,7 < 0,

D5,6,7 �D5,6,8, D5,6,1, D5,6,2, D5,6,3,

D7,6,8 < 0,

D7,6,8 �D7,6,1, D7,6,2, D7,6,3, D7,6,4,

D7,8,1 < 0,

D7,8,1 �D7,8,2, D7,8,3, D7,8,4, D7,8,5,

D1,8,2 < 0,

D1,8,2 �D1,8,3, D1,8,4, D1,8,5, D1,8,6,

D2,8 < 0. (4.4)

The last condition guaranties that x2 leaves the bases, when the tableau T1,8 is given (see the last remarks
of Section 3). We obtain the cycling example:

max 1
100 x1 − 1

100 x2 + 9
1000 x3 − 3

200 x4 + 1
500 x5 − 3

20 x6

s.t. 1
20 x1 − 100x2 − 2

5 x3 − 100x4 − x5 + 65x6 �0,

9
10 x1 − x2 + 3

5 x3 − 3
2 x4 − 1

100 x5 + 1
100 x6 �0,

x1, . . . , x6 �0.

(4.5)

Solution: unbounded.
Similarly we obtain the following cycling examples of higher dimensions: m = 2, n = 8:

max 3
100 x1 + 1

100 x2 + 1
100 x3 − x4 − 3

10 x5 − 1
10 x6 − 2

125 x7 − 1
2 x8

s.t. 1
10 x1 − 100x2 − 13x3 − 3

20 x4 − 6x5 + 23
100 x6 + 1

100 x7 + 10x8 �0,

1
2 x1 + 3

5 x2 + 2
25 x3 − 8x4 − 5x5 − 13

10 x6 − 2
5 x7 + 1

10 x8 �0,

x1, . . . , x8 �0.

(4.6)
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Solution: unbounded.

max 1
4 x4 + 23

100 x5 + 4849
20000 x6 − 21

50 x7 + 123
2000 x8 + 1809

106 x9 − 4511
1250 x10

s.t. x1 + 2x4 + 6
5 x5 + 13

10 x6 + 1
100 x7 + 7

10 x8 + 1
1000 x9 + 3

50 x10 = 0,

x2 + 7
5 x4 + 13

10 x5 + 34
25 x6 + 1

20 x7 + 6
5 x8 + 13

10000 x9 + 23
10 x10 = 0,

x3 − 4x4 − 3
2 x5 − 17

10 x6 − 28
5 x7 − 2x8 − 1

100 x9 + 15x10 = 0,

x1, . . . , x10 �0.

(4.7)

Solution: x1 = · · · = x10 = 0.
Note that (4.7) can be written in the standard form (2.1), interpreting x1, x2 and x3 as the slack variables.

The columns corresponding to these variables form the initial basis matrix when (4.7) is solved by the
simplex method.

Note that almost all cycling examples to be found in the literature have only two constraints, or are
reducible to a problem with two constraints, respectively. In the collection of [32] the example 4.7 of
Marshall and Suurballe is the only exception.

5. Cycling examples for the largest-coefficient tie-breaking rule

In practical calculations, numerical problems like ill-conditioned basis matrices may occur when
the pivot element is too small. Therefore, a common practical tie breaking rule for the leaving ba-
sic variable consists in selecting the largest (positive) element of the entering column as the pivot
element (see, e.g. [6, p. 442, 11, p. 4]). The linear problems constructed as follows cycle under this
rule. As in the preceding sections the entering variable is always chosen according to the most nega-
tive reduced cost criterion. Such a cycling example may be obtained, solving an inequality system of
type (2.10) with additional conditions that guaranty that the pivot element is the largest element in its
column.

Example 5.1. We consider a linear problem of form (2.1) with m = 2, n = 4, b = 0 and the index cycle
in (3.2). In order to understand which additional conditions are necessary to obtain a cycling example of
the desired type we consider, for example, the tableau

T3,4 = 1

D3,4

(
D1,4 D2,4 D3,4 D4,4 D5,4 D6,4
D3,1 D3,2 D3,3 D3,4 D3,5 D3,6

)
.

For the given cycle C the simplex algorithm proceeds from T3,4 to T4,5, i.e. the pivot element in the
above tableau is D5,4/D3,4. In order to make this element to be the largest in its column we consider
the additional condition D5,4/D3,4 > D3,5/D3,4. Since D3,4 must be positive (see (3.3)), this condition
is equivalent to D5,4 > D3,5. Formulating the corresponding condition for each of the six tableaux of the
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considered simplex cycle, we obtain the following system:

D1,6 > D5,1,
D1,2 > D2,6,
D3,2 > D1,3,
D3,4 > D4,2,
D5,4 > D3,5,
D5,6 > D6,4. (5.1)

Note that each condition of (5.1) results from the proceeding one by augmenting each index by one in
a cyclic order and subsequently interchanging the two indices of the determinants.

Solving (3.3) with the additional conditions (5.1) we get the following cycling example for the largest
coefficient rule:

max 1
100 x1 + 1

1000 x2 + 1
2000 x3 − 63

100 x4

s.t. 20x1 + 7
100 x2 − 7

100 x3 + 100x4 �0,

−100x1 − 3
10 x2 − 1

100 x3 + 1
4 x4 �0,

x1, . . . , x4 �0.

(5.2)

Solution: unbounded.
Similarly we obtain the following four cycling examples: m = 2, n = 6:

max 1
250 x1 − 1

200 x2 + 1
1000 x3 − 3

20 x4 − 1
2000 x5 − 1

10 x6

s.t. x1 − 100x2 − 1
25 x3 − 1

250 x4 − 1
25 x5 + 3

2 x6 �0,

1
2 x1 − 1

10 x2 + 1
1000 x3 − 1

2 x4 − 2
25 x5 + 1

2 x6 �0,

x1, . . . , x6 �0.

(5.3)

Solution: unbounded.
m = 2, n = 8:

max 8x1 − 25x2 + 39
5 x3 − 3182

5 x4 + 37
25 x5 − 4713

1000 x6 + 2447
2500 x7 − 247367

5000 x8

s.t. 11
25 x1 − 50x2 − 3x3 + 12x4 − 8x5 + 1

2 x6 − x7 + 50x8 �0,

2
5 x1 + x2 + 9

100 x3 − 5
2 x4 − 1

100 x5 − 1
50 x6 − 1

2500 x7 + 1
100 x8 �0,

x1, . . . , x8 �0.

(5.4)

Solution: unbounded.
m = 2, n = 8:

max x1 − 340x2 − 71
5 x3 − 107

2 x4 + 7
40 x5 − 1469

500 x6 + 99
100 x7 − 15627

100 x8

s.t. 2
5 x1 − 145x2 − 39

5 x3 + 6
5 x4 − 11

50 x5 + 11
5 x6 − 11

50 x7 − 1
2 x8 �0,

9
25 x1 + 28x2 + 10x3 − 120x4 − 1

2 x5 − 2x6 − x7 + 100x8 �0,

x1, . . . , x8 �0.

(5.5)
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Solution: unbounded.
m = 3, n = 7:

max 1
10 x1 + 1

20 x2 + 2
25 x3 − 1

10 x4 + 1
25 x5 + 2

25 x6 − 33
200 x7

s.t. 2
5 x1 − 13

10 x2 + 5x3 + 8
5 x4 + 1

5 x5 + 3
5 x6 + 3

2 x7 �0,

12
5 x1 + 2

5 x2 + 2x3 − 13
20 x4 + 1

25 x5 + 7
10 x6 − 1

2 x7 �0,

−25x1 − 8
5 x2 − 24x3 − 1

5 x4 − 2x5 − 3x6 + 5x7 �0,

x1, . . . , x7 �0.

(5.6)

Solution: unbounded.

Note that examples (5.3)–(5.5) also cycle for the least index rule.

6. Cycling examples for the steepest-edge column selection criterion

Most linear programming solvers offer the steepest-edge column selection criterion as an alternative
for the most negative reduced cost rule, considered in the preceding sections. In the steepest-edge method
[34] which usually needs a significantly smaller number of simplex iterations, the entering variable is
selected on the basis of the most negative ratio of reduced cost to the length of the vector corresponding
to a unit change in the nonbasic variable, e.g. (2.5) is substituted by the following condition:

ãm+1,� < 0, (6.1a)

ãm+1,�√
ã2

1,� + · · · + ã2
m,� + 1

�
ãm+1,j√

ã2
1,j + · · · + ã2

m,j + 1
for all j = 1, . . . , m + n. (6.1b)

In the present section we finally construct two linear programs that cycle, using (6.1) to determine the
entering variable and the largest-coefficient tie-breaking rule to determine the leaving variable. Such an
example is determined, solving system (2.10), including conditions of type (5.1), where the last condition
of (2.10) has to be substituted by inequalities of type (6.1b).

Example 6.1. Let us consider a linear program of form (2.1) with m = 3, n = 4, b = 0 and index cycle

C = ({1, 2, 7}, {2, 3, 7}, {3, 4, 7}, {4, 5, 7}, {5, 6, 7}, {1, 6, 7}, {1, 2, 7}). (6.2)

Cycle (6.2) is a modified simplex cycle (for the above pivot selection rules), if the linear program is a
solution of the following system of inequalities:

D1,6,7 > 0, D1,6,7 �D5,1,7, D5,6,1, D5,6,7,1 < 0,

D5,6,7,1√
D2

5,6,7 + D2
5,6,1 + D2

5,7,1 + D2
6,7,1

�
D5,6,7,j√

D2
5,6,7 + D2

5,6,j + D2
5,7,j + D2

6,7,j

for j = 2, 3, 4,

D1,2,7 > 0, D1,2,7 �D2,6,7, D1,6,2, D1,6,7,2 < 0,



P. Zörnig / Computers & Operations Research 33 (2006) 2247–2262 2259

D1,6,7,2√
D2

1,6,7 + D2
1,6,2 + D2

1,7,2 + D2
6,7,2

�
D1,6,7,j√

D2
1,6,7 + D2

1,6,j + D2
1,7,j + D2

6,7,j

for j = 3, 4, 5,

D3,2,7 > 0, D3,2,7 �D1,3,7, D1,2,3, D1,2,7,3 < 0,

D1,2,7,3√
D2

1,2,7 + D2
1,2,3 + D2

1,7,3 + D2
2,7,3

�
D1,2,7,j√

D2
1,2,7 + D2

1,2,j + D2
1,7,j + D2

2,7,j

for j = 4, 5, 6,

D3,4,7 > 0, D3,4,7 �D4,2,7, D3,2,4, D3,2,7,4 < 0,

D3,2,7,4√
D2

3,2,7 + D2
3,2,4 + D2

3,7,4 + D2
2,7,4

�
D3,2,7,j√

D2
3,2,7 + D2

3,2,j + D2
3,7,j + D2

2,7,j

for j = 5, 6, 1,

D5,4,7 > 0, D5,4,7 �D3,5,7, D3,4,5, D3,4,7,5 < 0,

D3,4,7,5√
D2

3,4,7 + D2
3,4,5 + D2

3,7,5 + D2
4,7,5

�
D3,4,7,j√

D2
3,4,7 + D2

3,4,j + D2
3,7,j + D2

4,7,j

for j = 6, 1, 2,

D5,6,7 > 0, D5,6,7 �D6,4,7, D5,4,6, D5,4,7,6 < 0,

D5,4,7,6√
D2

5,4,7 + D2
5,4,6 + D2

5,7,6 + D2
4,7,6

�
D5,4,7,j√

D2
5,4,7 + D2

5,4,j + D2
5,7,j + D2

4,7,j

for j = 1, 2, 3.

Each group of constraints (two consecutive lines) represents the conditions, necessary for the transition
from a given tableau of cycle (6.2) to the next one. Furthermore, each of these groups is obtained from
the proceeding one, augmenting each index (except 7) by one in a cyclic order and exchanging the first
two indices.

Solving the above inequality system, we obtain the cycling example:
m = 3, n = 4:

max 7
100 x1 + 3

50 x2 − 11
50 x3 − 133

12500 x4

s.t. 33
25 x1 + 1

2 x2 − 53
25 x3 − 9

20 x4 �0,

−44x1 − 24
5 x2 + 6x3 + 33

100 x4 �0,

1319
1000 x1 − 40x2 + 2123

10 x3 + 1173
100 x4 �0,

x1, . . . , x4 �0.

(6.3)

Solution: unbounded.
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The following example was obtained similarly:
m = 3, n = 6:

max −36x1 + 3
5 x2 − 20x3 − 1

4 x4 + 1
20 x5 + 1

20 x6

s.t. 2x1 + 1
5 x2 − 5x3 − 9

10 x4 + x5 + 23
1000 x6 �0,

−41x1 − 6
5 x2 + 12x3 + 1

5 x4 − 14
5 x5 − 1

500 x6 �0,

165000x1 + 2600x2 + 9600x3 + 125x4 − 100x5 − 300x6 �0,

x1, . . . , x6 �0.

(6.4)

Solution: unbounded.
Note that the right hand side of the third constraint in (6.3) and (6.4), respectively, may be substituted

by any positive value b3.

7. Concluding remarks

All cycling examples of this article have been constructed by means of the software LINGO. Except for
a few cases with m=2 and n=4 the LINGO trial version available to the author usually did not immediately
solve the NDI system (2.10) or the respective modification. But experimenting with different starting
values or relaxing the system by eliminating violated constraints and reintroducing them successively
may be successful. Once a solution of an NDI system has been found, an alternative one may be produced,
optimizing an artificial objective function under constraints (2.10) (possibly modified) where the starting
values for the solver are given by the previous solution. An interesting theoretical problem for possible
future research is to find out whether the solution set of an NDI system is connected. If this is the case,
all possible cycling examples corresponding to a given index cycle could be determined be “successive
perturbations” of an initial cycling example.

A solution of (2.10) usually does not consist of “round” values. In order to “make them as round as
possible”, they can be rounded interactively, step-by-step, verifying in each step whether the modified
values remain feasible. (Otherwise the modification must be undone and substituted by another one.)
Such a successive rounding procedure was applied to all cycling examples of this article. In the practical
solution of (2.10) each inequality of the form x�y or x < y was written as x�y − ε for a small ε > 0.

This avoids among others that the solution, i.e. the constructed cycling example, presents ambiguity in
the selection of the entering variable or in the selection of the leaving variable according to the largest
coefficient rule.

It is indispensable to distinguish between classical cycling and computer cycling [27,32], although the
practical consequences may be the same. The former arises when the data of the problem may be expressed
as rational fractions and computations are performed without round-off errors, i.e. the data are always
transformed from rational fractions to rational fractions. Computer cycling may occur in an application
of the simplex method that does not preserve rational transformations and uses, among others, numerical
stability procedures. In this context it must be mentioned that it is not known whether the observations
of cycling in practical computations [25,27,29,28,26] (see the introduction) are due to classical cycling
or computer cycling. All the cycling examples constructed in this article, are examples of the first type.
Such problems need not cause computer cycling. In fact, independently of the chosen option for pricing
strategies, LINGO solved all of the constructed cycling examples with a few iterations (compare with
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[32]). On the other hand, rounding errors may cause cycling when the problem is not a classical cycling
example, or “apparent cycling” may actually be a run through a sequence of neighboring vertices with
nearly equal objective function values.

Nevertheless, the above results answer to the classical question, under which conditions (classical)
cycling may arise and how to construct such examples (see [30,31, 32:p.304]). While the cycling examples
to be found in the literature are all of small dimensions (see [32]), the theory developed above allows, at
least in principle, to construct cycling examples of arbitrary dimensions. The possibility of constructing
such examples is only limited by the capacity of the software used for solving the respective NDI system.
The LINGO trial version cannot solve inequality systems with more than 30 “nonlinear variables”, i.e. the
number of matrix elements plus the number of components of the objective function vector of a cycling
problem must not exceed 30, when solving an NDI system directly. However, it is to be expected that the
professional version of that software may resolve considerably larger systems.

The theory can be generalized to the case when negative pivot elements are permitted as, for example,
in the dual or in the integral simplex method [23].

There is a great number of general linear programming test problems available in the Internet (see e.g.
the Linear Programming FAQ’s, cited in the introduction). But due to the lack of cycling examples, only
a few number of test problems exist which may cause classical cycling [32, p. 303]. For example, the
TOMLAB OPERA Toolbox, developed at Mälardalen University in Sweden, offers only three cycling
examples among their test problems, constructed by Marshall/Suurballe, Kuhn and Beale (see [35] and
http://www.mdh.se/ima/personal/khm01/tom/tom-software/opera.htm).

The author believes that a great collection of constructed cycling examples could be useful to evaluate
the practical performance of (anticycling) procedures or new variants of simplex type methods [10, Section
5.1]. For example, in [11] it is shown that the EXPAND anticycling procedure of [6] is not guaranteed to
prevent cycling. This question could be practically studied by means of constructed cycling examples.
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